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Chapter 1
Introduction

The central object of this book is the measure of geometric quantities describing
a subset of the Euclidean space (EN ,< ., . >), endowed with its standard scalar
product.

Let us state precisely what we mean by a geometric quantity. Consider a subset
S of points of the N-dimensional Euclidean space E

N , endowed with its standard
scalar product < ., . >. Let G0 be the group of rigid motions of E

N . We say that a
quantity Q(S) associated to S is geometric with respect to G0 if the corresponding
quantity Q[g(S)] associated to g(S) equals Q(S), for all g ∈ G0. For instance, the
diameter of S and the area of the convex hull of S are quantities geometric with
respect to G0. But the distance from the origin O to the closest point of S is not,
since it is not invariant under translations of S. It is important to point out that the
property of being geometric depends on the chosen group. For instance, if G1 is the
group of projective transformations of E

N , then the property of S being a circle is
geometric for G0 but not for G1, while the property of being a conic or a straight
line is geometric for both G0 and G1. This point of view may be generalized to any
subset S of any vector space E endowed with a group G acting on it.

In this book, we only consider the group of rigid motions, which seems to be
the simplest and the most useful one for our purpose. But it is clear that other in-
teresting studies have been done in the past and will be done in the future, with
different groups, such as the affine group (see [23, 36]), projective group, quater-
nionic group, etc.

1.1 Two Fundamental Properties

Our standpoint is that a geometric quantity is “interesting” if it possesses “funda-
mental” properties, related to the use one wants to make of it:

1. In applications like computer graphics, medical imaging, and structural geology
for instance, scientists instinctively wish a continuity condition, related to the
following simple observation: suppose one would like to evaluate a geometric

1
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quantity Q(S) defined on S, but one only has an approximation S′ of S. It is
natural to evaluate the quantity Q(S′), hoping that the result is “not too far” from
Q(S). In other words, one would like to write:

if lim
n→∞

Sn = S, then lim
n→∞

Q(Sn) = Q(S). (1.1)

Note that this claim is incomplete since we have not specified the topology on
the space P(EN) of subsets of E

N . The simplest one is the Hausdorff topology,
but we shall see that it is not enough in general.1

2. The second property is the inclusion–exclusion principle: basically, to evaluate
a geometric quantity Q(S) on a “big subset” S, it may be interesting to cut it
into “small parts” Si, evaluate Q(Si) on each “small part,” and add the results to
recover Q(S). Roughly speaking, one wishes to have the equality:

Q(S1 ∪S2) = Q(S1)+Q(S2)−Q(S1 ∩S2). (1.2)

These two properties will be the “Ariane thread” of this book.

1.2 Different Possible Classifications

To classify such geometric quantities (as we have said, we only consider here quan-
tities invariant under rigid motions), we can use topology or differential geometry:

• Pointwise, local, or global geometric invariants. A geometric property defined
on S can be pointwise, local, or global. For instance:

– The curvature of a smooth curve γ at a point, the Gauss curvature of a smooth
surface of E

3, and the solid angle of a vertex of a polyhedron are typical exam-
ples of pointwise properties. Although Fary [41] proved easily a convergence
result for the curvature of a curve approximated by a sequence of inscribed
polygons, the approximation of the pointwise curvatures of a surface approx-
imated by a sequence of inscribed triangulations is very difficult (see [21]).

– The area of a Borel subset of a surface S of E
3 is a local invariant of S. Note

that the continuity condition is not satisfied with the Hausdorff topology: the
well-known Lantern of Schwarz [75] is a typical example of a sequence of
polyhedra which “tends” to a smooth compact surface with finite area, al-
though the sequence of areas of the polyhedra tends to infinity.

– The genus of a closed surface of E
3 is a global invariant. The Gauss–Bonnet

theorem relates it to the Gauss curvature of the surface: integrating the Gauss
curvature function over a closed surface gives its Euler characteristic (up to a
constant).

1 However, if one only considers the class of convex subsets, then a beautiful theorem of
Hadwiger [56] states that the space of Hausdorff-continuous additive geometric quantities is
spanned by the so-called intrinsic volumes. Examples of intrinsic volumes are length for curves,
area for surfaces, but also integrals of mean and Gaussian curvature (for smooth convex sets).
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• Differential classification. The minimum degree of differentials involved in the
characterization of a geometric property on smooth objects may also be a way of
classification. For instance:

– The convexity property of an object O in E
N depends only on the position of

the points of O. No differential is involved.
– The area of a (smooth) surface S involves only the first derivatives of a (local)

smooth parametrization of S.
– The curvature tensor of a Riemannian manifold M involves the second deriv-

atives of a (local) smooth parametrization of M.

The aim of this book is to present a coherent framework for defining suitable
curvature measures associated to a huge class of subsets of E

N . These measures
appear as local geometric invariants, involving 1 or 2 differentials in the smooth
case (basically 1 for the length, the area, and the volume and 2 for the curvatures).
These general geometric invariants coincide with the standard ones in the smooth
case, but are also adapted to triangulations, meshes, algebraic and subanalytic sets,
and “almost any” compact subsets of E

N . Moreover, the continuity for a suitable
topology and the inclusion–exclusion principle we mentioned at the beginning of
this introduction will be systematically satisfied.

This book follows the long story of the sequence of little (and often brilliant)
extensions of the classical notion of curvature. It appeared to the author that this
historic presentation is also the most pedagogic approach to the problem.

We begin with the “old” geometric theory of convex subsets and end with “mod-
ern” computational geometry.

Let us now summarize the book, Part after Part, Chapter after Chapter:

• The motivations are made clear in Part I which deals only with curves and sur-
faces in E

3.
• The essential material frequently involved in this book is given in Parts II–IV. It

is a long background: it appeared important to provide the reader with the com-
plete and precise material needed for the rest of the book. One needs topology,
differential geometry, measure theory, and computational geometry. We summa-
rize the results indispensable to the understanding of guiding ideas of the book.

• Parts V–VIII are the core of the book. They give the theory of the normal cycle,
the definition of generalized curvatures of discrete objets, and convergence and
approximation results. They end with an application to surfaces sampled by a
finite cloud of points.

1.3 Part I: Motivation

Chapters 2 and 3 are an introduction to the subject, giving essentially simple exam-
ples and counterexamples to the problem of convergence of geometric quantities:
the length of a smooth curve and its curvature in Chap. 2 and the area of a smooth
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surface and its mean and Gauss curvatures in Chap. 3. The problem of their discrete
equivalents is introduced. We distinguish the pointwise vs. local or global versions
of convergence.

1.4 Part II: Background – Metric and Measures

Chapter 4 deals with the distance map and the projection map in E
N . It studies in

detail their local and global properties. This leads us to recall the definition of the
reach of a subset and the Voronoi diagram associated to a finite set:

1. The reach of a subset (also called the local feature size) was introduced by
Federer [42]. The reach r of a subset S of E

N is defined as the maximal real
number r such that the tubular neighborhood Ur of S of radius r has the follow-
ing property: every point of Ur has a unique orthogonal projection on S. The real
number r is always positive if S is smooth and compact. Of course, nonsmooth
subsets may also have a positive reach. The main advantage of working in the
class of subsets S with positive reach r is that the projection from Ur onto S is a
smooth map, whose differential gives precise information on the shape of S.

2. On the other hand, the distance function allows one to define the Voronoi dia-
grams associated to finite sets, and more generally the medial axis of any subset
of points.

Since the goal of this book is to build curvature measures on a large class of
compact subsets of E

N , Chap. 5 summarizes the basic and classical constructions
of measures. It covers Lebesgue measure, the change of variable, and the area and
coarea formulas.

1.5 Part III: Background – Polyhedra and Convex Subsets

The whole book deals with the approximation of smooth submanifolds by inscribed
triangulations. That is why Chap. 6 is devoted to the indispensable background on
polyhedra. It gives the main definitions on polyhedra and the precise definitions of
the normal cone, the internal and external dihedral angles appearing in many explicit
formulas of curvature measures. The chapter ends with the Gauss–Bonnet theorem
for polyhedra.

Chapter 7 deals with convexity. The convex bodies are the first nonsmooth sub-
sets on which global curvatures have been defined. For our purpose, two interesting
properties of convex bodies are detailed:

1. The limit of a sequence of convex bodies is still convex.
2. The projection of a convex body on a hyperplane is still convex.
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These two properties imply interesting results proved by induction on the di-
mension. This is the case for the Cauchy formula, which relates the volume of the
boundary of a convex body with the integral of the volume of its projections on hy-
perplanes. The chapter ends with particular valuations on the class of convex bodies,
and the Hadwiger theorem [52].

1.6 Part IV: Background – Classical Tools on Differential
Geometry

Chapters 8 and 9 recall the definition of differential forms and densities on a man-
ifold, and their relations with measures. In fact, we shall show later that particular
differential forms integrated on a smooth submanifold give the classical mean cur-
vature integrals of the submanifold. It will be the way to define curvature measures
on a smooth object, and on any object on which such an integration can be done.

Chapters 10 and 11 give the necessary background on Riemannian geometry.
The smooth objects studied in this book are submanifolds of E

N , endowed with the
induced metric and the Levi-Civita connexion. Chapter 10 introduces the intrinsic
geometry of a Riemannian manifold, dealing with the curvature tensor. As exam-
ples, the spheres, the projective spaces, and the Grassmann manifolds are described.
Chapter 11 deals with the extrinsic Riemannian geometry of submanifolds:

• We introduce the second fundamental form of any Riemannian submanifold, the
principal curvature functions, and the kth-mean curvatures, generalizing the mean
curvature and the Gauss curvature of surfaces. We are in particular interested in
their integral over any Borel subset, which will appear in the second part of this
book, in the tubes formula of Weyl. These integrals may be considered as cur-
vature measures, which will be generalized to nonsmooth subsets, via the theory
of normal cycles. The Gauss–Codazzi–Ricci equations, relating the extrinsic and
intrinsic curvatures, are set out, since they will be used in technical proofs in the
third part of the book.

• In classical theory of submanifolds, the Gauss map plays a key role. If M is a
hypersurface of E

N , the integral of the pullback by the Gauss map of the volume
form of the unit hypersphere of E

N gives (up to a constant) the integral of the
Gauss curvature of M, which is, by the Gauss–Bonnet theorem, its Euler char-
acteristic. This result and its generalization in any dimension and codimension
can be considered as the central point of the development of the theory of normal
cycles.

Chapter 12 gives the basic background on currents, dual to differential forms.
Indeed, currents can be considered as a generalization of submanifolds, on which
differential forms can be integrated. We highlight the crucial compactness theo-
rem for integral currents. It is the main tool in the proof of Fu’s [48] convergence
theorems for the curvature measures. We also mention a result on deformation of
currents, used in the proof of the approximation results of the curvature measures.
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1.7 Part V: On Volume

Part V covers the evaluation and approximation of the n-volume of a (measurable)
subset of E

N .
First of all, Chap. 13 studies deeply the well-known Lantern of Schwarz [75]

(first example of a nonconvergence theorem for area). Then, it gives a general re-
sult: one can bound the n-volume of a smooth n-dimensional submanifold of E

N by
the volume of another submanifold close to it, as far as one has information on their
Hausdorff distance and their deviation angle, i.e., the maximum angle between their
respective tangent bundles. It appears interesting to introduce a new geometric in-
variant, called the relative curvature, which connects the Hausdorff distance of the
submanifolds and the second fundamental form of the initial one.

Chapter 14 applies the previous results to the evaluation of the length of curves
approximated by a polygonal line, in terms of the relative curvature. The end of the
chapter gives an useful bound of the deviation angle in terms of the length and the
curvature of the curve.

Chapter 15 applies the previous results to surfaces in E
3, approximated by tri-

angulations. Another geometric invariant is introduced, namely the relative height,
linking the length of the edges of the triangulation and the second fundamental form
of the surface. With these new tools, elegant approximation and convergence theo-
rems can be proven. They are corollaries of the general result stated in Chap. 13.

1.8 Part VI: The Steiner Formula

Part VI is concerned with the Steiner formula and its extensions.
Chapter 16 sets out the main theory of Steiner, discovered around 1840 (see [73]

for instance). Given a convex body K of the Euclidean space E
N , Steiner showed that

the volume of the parallel body of K at distance ε is a polynomial of degree N in ε .
When the boundary of K is smooth, the coefficients of this polynomial are, up to a
constant depending on N, the integrals of the kth-mean curvatures of the boundary
of K. Thus, these coefficients, called Quermassintegrale by Minkowski, are good
candidates to generalize curvatures to convex hypersurfaces, without assuming any
regularity condition. The problem of continuity of curvatures first appeared in this
context: it could be proven that, if a sequence of convex bodies Kn has a Hausdorff
limit K, then the curvatures of Kn converge to those of K. Using integral-geometric
considerations, tight estimates can even be obtained for the difference between the
curvatures of Kn and those of K.

Chapter 17 sets out the extension by Weyl [82] in 1939 of the results of Steiner,
namely the tubes formula: Weyl proved that the interpretation of integrals of curva-
tures in terms of the volume of parallel bodies also holds if one drops the convexity
assumption but assumes smoothness, provided ε is small enough. However, conti-
nuity with respect to the Hausdorff topology does not hold for smooth submanifolds,
unless one assumes additionally that the curvatures of the sequence of submanifolds
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are uniformly bounded from above [42]. Under these assumptions, estimates of dif-
ferences of curvature measures are known.

Chapter 18 sets out a part of the deep work of Federer [42] on geometric measure
related to curvature measures (published in 1959). This author made a breakthrough
in two directions:

1. He defined a large class of subsets, including smooth submanifolds and convex
bodies, for which it is possible to define reasonable generalizations of curva-
tures: the subsets of positive reach. His approach consists again in considering
the volume of parallel bodies. Basically, he observed that the key point in the
tubes formula for both smooth and convex cases is that the orthogonal projection
on the studied subset is well defined in a neighborhood of it. Subsets of positive
reach are defined to be those for which this property holds.

2. He showed that one can actually associate to each subset K with positive reach
in E

N and each integer k ≤ N a measure on E
N , called the kth-curvature measure

of K. When K is a smooth submanifold, its kth-curvature measure evaluated on a
Borel subset U is nothing but the integral of the kth-mean curvature of K on U .
Curvature measures thus give a much finer information than the Quermassinte-
grale since they determine, in the smooth case, the kth-mean curvatures at any
neighborhood of any point of the subset.

Continuity with respect to the Hausdorff topology still holds for subsets with pos-
itive reach, if one assumes additionally a boundness condition on the reaches [42].

1.9 Part VII: The Theory of Normal Cycles

Unfortunately, Federer’s approach could not handle some simple objects such as
nonconvex polyhedra. Part VII is devoted to the theory of normal cycles, whose goal
is to extend the results of Federer to subsets more general than subsets with positive
reach. This step has been accomplished by Wintgen [83] in 1982 and Zähle [87].
These authors noticed that, in the smooth case, curvature measures of a smooth
submanifold M of E

N arise as integrals over the unit normal bundle ST⊥M of the
pullback of (N − 1)-differential forms defined on the unit tangent bundle STE

N of
E

N , which are invariant under rigid motions. In other words, the geometry of a
submanifold is thus contained in the current determined by its unit normal bundle,
by attaching to it a basis of the space of differential (N −1)-forms “invariant under
rigid motions.”

That is why Chap. 19 classifies these differential forms “invariant under rigid
motions,” defined on the unit tangent bundle of E

N . It appears that a basis of this
space can be simply and explicitly described.

Since singular spaces do not have in general a smooth normal bundle on which
these invariant forms can be integrated, the main point is now to introduce a general-
ization of the normal bundle of a smooth object. The choice of Wintgen [83] is quite
natural: using the duality between differential forms and currents, he introduced the
concept of a normal cycle associated to a singular space.
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Chapter 20 gives the details of this generalization. Associated to (“almost any”)
compact subset A of E

N , Wintgen defined a closed integral current N(A), called
the normal cycle associated to A. An important property of the normal cycle is its
additivity (which we also call the inclusion–exclusion principle): if A′ is another
compact subset of E

N , one has

N(A∪A′) = N(A)+N(A′)−N(A∩A′) (1.3)

whenever both sides are defined. In particular, the normal cycle of a not necessar-
ily convex polyhedron can be computed from any triangulation by applying this
inclusion–exclusion principle to the normal cycles of the simplices of the triangu-
lation. Fu [46, 47, 50] showed that normal cycles could be defined for a very broad
class of subsets called geometric subsets. In particular, semialgebraic sets, subana-
lytic sets, and more generally definable sets are geometric (see [12, 14, 15, 49] for
the last point).

The main results of this chapter are two theorems on convergence and approxima-
tion for the normal cycles of sequences of triangulated polyhedra. The convergence
theorem is a consequence of the compactness theorem for integral currents, under
the assumption that the fatness of the triangulations is bounded from below [48].
The approximation theorem is a consequence of a deformation theorem of currents.
Under a certain condition, we bound the difference of the curvature measures of two
geometric sets when one of them is a smooth hypersurface. This result refines the
theorem of Fu [48] by giving a quantitative version of it. More precisely, it gives an
estimate of the flat norm of the difference between the normal cycle of a compact
n-manifold K of E

n whose boundary is a smooth hypersurface and the normal cycle
of a compact geometric subset K, in terms of the mass of the normal cycle of K, the
Hausdorff distance between their boundaries, the deviation angle between K and K,
and an a priori upper bound on the norm of the second fundamental form of the
boundary of K.

Using these invariant forms and the normal cycle, Chap. 21 defines curvature
measures of geometric sets, by integrating these forms on the normal cycles. Ap-
plying the convergence and approximation theorems of normal cycles, one deduces
(by weak duality) convergence and approximation results of curvature measures of
geometric sets [48]. This quantitative estimate of the difference between curvature
measures of two “close” subsets generalizes those given for convex subsets.

Chapter 22 notes that the previous theory deals with principal curvatures but
never with principal directions. To get a finer description of the geometry of singular
sets, it is natural to look for a generalization of the second fundamental form of an
immersion to the singular case. Mimicking the construction of the invariant (N−1)-
forms, we define a (0,2)-tensor valued (N − 1)-form that we plug in the normal
cycle of the considered geometric subset K. In this way, we create a new curvature
measure which we call the second fundamental measure associated to K. Of course,
when K is smooth, we get the integral of the second fundamental form. As before,
we deduce convergence and approximation theorems in terms of this new second
fundamental measure.
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1.10 Part VIII: Applications to Curves and Surfaces

Chapters 23–26 apply the results of the previous chapters to the most useful situa-
tions: curves and surfaces in E

2 and E
3. We give explicit computations and, when it

is possible, explicit bounds on the approximations.
The last chapter (Chap. 27) is devoted to the applications of the previous theories

to the Voronoi diagram and Delaunay triangulations. After a brief summary of the
main constructions, in particular the construction of a restricted Delaunay triangula-
tion associated to a curve of a surface, we deal with the approximation of the length,
area, and curvatures of a sampled curve or surface.

To end this introduction, we would like to point out the fundamental differ-
ence between a convergence result and an approximation one: when one deals with
applications (like medical imaging, structural geology, or computer graphics for in-
stance), a convergence result of geometric invariants is often elegant and reassuring.
But how to apply it? Conversely, an approximation result gives a bound on the error.
However, in both cases, we are often dealing with a “real-world object,” extremely
difficult to define. We must have permanently in mind the difference between a
“real” physical object, the perception of this object, and its mathematical modeling.

As an example, one of the plates presented in this book is a reconstitution of the
principal directions of the head of Michelangelo’s David. The validity of this image
is implicitly admitted by the fact that one recognizes the Michelangelo masterpiece.
But a basic problem is occulted: is it well founded to assign directions or lines of
curvatures to an eventually smooth David, and then trying to approximate them by
those of a triangulation sufficiently close to this hypothetical smooth surface?
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Il y a entre les géomètres et les astronomes une sorte de malentendu au sujet
de la signification du mot convergence. Les géomètres, préoccupés de la parfaite
rigueur et souvent trop indifférents à la longueur des calculs inextricables dont
ils conçoivent la possibilité, sans songer à les entreprendre effectivement, disent
qu’une série est convergente quand la somme des termes tend vers une limite
déterminée, quand même les premiers termes diminueraient très lentement. Les as-
tronomes, au contraire, ont coutume de dire qu’une série converge quand les vingt
premiers termes, par exemple, diminuent très rapidement, quand même les termes
suivants devraient croı̂tre indéfiniment. Ainsi pour prendre un exemple simple, con-
sidérons les deux séries qui ont pour terme général 1000n

n! et n!
1000n . Les géomètres

diront que la première série converge, et même qu’elle converge rapidement,. . . ;
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mais ils regarderont la seconde comme divergente. Les astronomes, au contraire,
regarderont la première comme divergente,. . . , et la seconde comme convergente.
Les deux règles sont légitimes: la première dans les recherches théoriques; la sec-
onde dans les applications numériques. . .

Henri Poincaré,

(Méthodes nouvelles de la mécanique céleste, Chapitre 8 tome 2, 1884).



Chapter 2
Motivation: Curves

The length and the curvature of a smooth space curve, the area of a smooth surface
and its Gauss and mean curvatures, and the volume and the intrinsic (resp., extrinsic)
curvatures of a Riemannian submanifold are classical geometric invariants. If one
knows a parametrization of the curve (resp., the surface, resp., the submanifold),
these geometric invariants can be directly evaluated. If such parametrizations are
not given, one may approximate these invariants by approaching the curve (resp.,
the surface, resp., the submanifold), by suitable discrete objects, on which simple
evaluations of these invariants can be done. Our goal is to investigate a framework
in which a geometric theory of both smooth and discrete objects is simultaneously
possible. To motivate this work, we begin with two simple examples: the length and
curvature of a curve.

2.1 The Length of a Curve

This book deals essentially with curves, surfaces, and submanifolds of the Euclidean
space E

N endowed with its classical scalar product < ., . >.

2.1.1 The Length of a Segment and a Polygon

If p and q are two points of E
N , the length of the segment pq is the norm of the

vector −→pq, i.e., the real number

|pq| =
√

< −→pq,−→pq >.

If P is a polygon, given by a (finite ordered) sequence of points v1, ...,vn in E
N , the

length l(P) of P is the sum of the lengths of its edges, i.e.,

l(P) =
n−1

∑
i=1

|vivi+1|.

13
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2.1.2 The General Definition

Let us now give the classical definition of the length of a curve, using approxima-
tions to the curve by polygons. The length of a curve (without any assumption on
regularity) is usually defined as the supremum of the lengths of all polygons in-
scribed in it: let

c : I = [a,b] → E
N

be a (parametrized) curve from a segment [a,b] ⊂ R into E
N . If there is no possible

confusion, we identify the image Γ of c (i.e., the support of the curve c) with c
(Fig. 2.1).

Definition 1. Let S be the set of all finite subdivisions σ = (t0, t1, ..., ti, ..., tn) of
[a,b], with

a = t0 < t1 < ... < ti < ... < tn = b,

and denote by l(σ) the length of the polygon c(t0)c(t1)...c(ti)...c(tn). If

sup
σ∈S

l(σ)

is finite, one says that the curve c is rectifiable and its length l(c) (or l(Γ)) is this
supremum:

l(c) = sup
σ∈S

l(σ). (2.1)

It is well known that there exist continuous curves which are not rectifiable. The
most famous example is the Von Koch curve obtained as follows: start from an equi-
lateral triangle and consider each of its edges e. Take off the middle third e1 of
e and replace it with an equilateral triangle t1. Then, take off e1. The limit of this
process gives rise to the Von Koch curve, which is continuous but with infinite length
(Fig. 2.2).

Fig. 2.1 A smooth curve and its
approximation by a polygon line c(t4)

c(t3)

c(t2)c(t1)

c(t0)
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Fig. 2.2 Von Koch curve is continuous but not rectifiable

2.1.3 The Length of a C1-Curve

On the other side of regularity, a classical theorem asserts that C1-curves are rec-
tifiable (see [78] for instance). This theorem is a consequence of the mean value
theorem. This strong assumption implies an expression for the length in terms of
the integral of the norm of its speed vector field:

l(c) =
∫ b

a
|c′(u)|du, (2.2)

where
∫

means the Riemann integral.
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2.1.4 An Obvious Convergence Result

By definition, one “approaches” the length of a smooth curve by inscribing a poly-
gon on the curve and evaluating the length of the polygon. The following result is a
simple consequence of the definition.

Theorem 1. Let σ k = (tk
0 , t

k
1 , ..., t

k
i , ..., t

k
nk

)k∈N
be a sequence of subdivisions of a

segment [a,b], with

a = tk
0 < tk

1 < ... < tk
i < ... < tk

n = b.

Let
c : [a,b] → E

N

be a rectifiable curve and denote by l(σ k) the length of the polygon Pk of E
N defined

by c(tk
0)c(t

k
1)...c(t

k
i )...c(t

k
nk

). If the length of the edges of Pk tends to 0 when k tends
to +∞, then

lim
k→∞

l(Pk) = l(c).

2.1.5 Warning! Negative Results

• Note that Theorem 1 needs to ensure that the vertices of the polygons are on
the curve. If one only assumes that they are “close” to the curve, the result fails.
Figure 2.3 shows a sequence of polygons of length 4

√
2 tending (for the Haus-

dorff topology) to a straight line of length 4 (the polygon lines are not inscribed
on the straight line).

• On the other hand, note that this convergence result is true because we have
assumed an order on the vertices of the polygons. It is clear that if we change
this order, creating new edges and canceling others, the length of the resulting
sequence of polygons does not converge in general to the length of the curve (see
Fig. 2.4).

2

4

2

1 1 1 1

Fig. 2.3 In general, the length functional is not continuous
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Fig. 2.4 In this example, the
sequence t0, t1, ..., t4 is not
increasing and the sequence
of lengths of such polygons
may not converge to the
length of the curve

c(t2)
c(t1)

c(t3)

c(t4)

c(t0)

2.2 The Curvature of a Curve

Although one usually defines the length of a smooth curve as a limit of the length of
polygons inscribed in it, one defines the curvature of a smooth curve differentiating
its tangent vector field. We recall here the classical definition of the curvature of a
smooth curve and the corresponding definition for polygons.

2.2.1 The Pointwise Curvature of a Curve

1. The pointwise curvature of a C2-curve. Consider a C2 regular curve

c : I → E
N

(for every u in the interval I, c′(u) 
= 0). We know that c admits a parametrization

γ : [0, l] → E
N ,

by the arc length s, i.e., |γ ′(s)| = 1, where l denotes the length of the curve.
Let t denote its (unit) tangent vector field, i.e., t = γ ′. At a point m = γ(s), the
curvature k(m) of the curve1 is the norm of the derivative t ′ of t (t ′ is orthogonal
to t since < t, t >= 1):

k(m) = |t ′(s)|. (2.3)

This definition implies that the curvature is a nonnegative function defined on the
curve (Fig. 2.5).
Another equivalent definition of the curvature of a curve γ at m = γ(s) is given by

k(m) = lim
h→0+,k→0+

∠(γ ′(s−h),γ ′(s+ k))
h+ k

, (2.4)

1 If no confusion is possible, we can write k(s) instead of k(m) when m = γ(s).



18 2 Motivation: Curves

Fig. 2.5 The orthogonal
frame (t, t ′) over a point of a
plane curve

t’

t

γ (s−h)

γ (s)

γ (s+k)

γ’ (s−h)

γ’(s+k)

Fig. 2.6 Pointwise convergence

Vi+1

Vi θ

Vi−1

Fig. 2.7 The angle between two incident edges

where ∠(γ ′(s− h),γ ′(s + k)) denotes the angle (∈ [0,π]) between the tangent
vectors of the curve at the points γ(s−h) and γ(s+ k) (see [41] for instance).
We shall make precise this point of view for plane curves in Sect. 2.4 (Fig. 2.6).

2. The curvature of a polygon at one of its vertices. By analogy with (2.4), one can
define the curvature of a polygon in E

N at one of its vertices as the angle of its
incident edges (Fig. 2.7).

Definition 2. Let P = v1v2...vn be a polygon in E
N . The curvature of P at each

interior vertex vi is the real number
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kvi = ∠(−−−→vi−1vi,
−−−→vivi+1).

For further use, note that each angle is also the angle between the (correctly
oriented) normals of the corresponding edges.

To end this section, we note that the pointwise curvature of a smooth curve has the
dimension of the inverse of a length. On the other hand, the pointwise curvature of a
polygon is dimensionless, since it is an angle.2 However, we shall see in Sect. 2.2.2
that the global (or total) curvature of a smooth curve and a polygon are both dimen-
sionless.

2.2.2 The Global (or Total) Curvature

1. The case of a smooth curve. Let

γ : [0, l] → E
N

be a smooth regular curve. With the usual notation, one defines the global curva-
ture by integration as follows.

Definition 3. The global curvature of a smooth curve γ is the real number

K(γ) =
∫ l

0
k(s)ds.

The global curvature of a curve is also called the total curvature.
2. The case of a polygon. By analogy with (2.4), one can define the global (or total)

curvature of a polygon in E
N as the sum of the angles of its consecutive edges.

With the usual notation:

Definition 4.

K(P) =
i=n−2

∑
i=1

∠(−−−→vivi+1,
−−−−−→vi+1vi+2),

where each angle belongs to [0,π].

Using (2.4), Fary [41] was probably the first to prove that the total curvature of
a curve is the limit of the sum of the angles of a sequence of inscribed polygons:
using the theory of the Stieltjes integral, one deduces from (2.4) that

∫ l

0
k(s)ds = lim

|si−si+1|→0
∑
si

∠(γ ′(si),γ ′(si+1)). (2.5)

This can be interpreted as follows.

2 That is why some authors prefer to define the pointwise curvature at a vertex of a polygon by
dividing the angle by a length, like half the sum of the lengths of the incident edges for instance.
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Theorem 2. Let σ k = (tk
0 , t

k
1 , ..., t

k
i , ..., t

k
nk

)k∈N
be a sequence of subdivisions of a

segment [a,b], with

a = tk
0 < tk

1 < .. . < tk
i < .. . < tk

n = b.

Let
γ : [a,b] → E

N

be a smooth regular curve of E
N (parametrized by the arc length). Let (Pk)k∈N

be the
sequence of polygons inscribed in the curve γ of E

N defined by c(tk
0)c(t

k
1) . . .c(tk

i ) . . .
c(tk

nk
). If the length of the edges of Pk tends to 0 when k tends to infinity, then the

global curvature of Pk tends to the global curvature of γ:

lim
k→∞

K(Pk) = K(γ).

In some sense, this means that the sum of the angles between consecutive edges
of a polygon inscribed in the curve gives an approximation of its global curvature.

Let us now mention the famous theorem of Fenchel and Milnor, concerning
smooth or polygonal curves [44]. In our context, this theorem can be stated as
follows.

Theorem 3. Let C be a smooth or polygonal closed curve in E
N. Then, the total

curvature of C is larger than or equal to 2π:

K(C) ≥ 2π, (2.6)

with equality if and only if the curve is planar and convex.

This theorem has been improved for knotted curves by Fary [41] and Milnor [60]:
if the curve is knotted, then

K(C) ≥ 4π. (2.7)

It is interesting to note that Milnor’s proofs (of Theorem 3) use both a discrete and
a smooth approach, approximating smooth curves by polygons inscribed in them
(Fig. 2.8).

Fig. 2.8 The total curvature
of this (knotted) curve is ≥ 4π
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2.3 The Gauss Map of a Curve

Let us now introduce the Gauss map, with which we can recover the global curva-
ture. Let

γ : [0, l] → E
N

be a smooth curve.

Definition 5. The map
G : [0, l] → S

N−1,
s → γ ′(s)

is called the Gauss map associated to γ .

Since |G′|= k, the length of the curve G([0, l]) is nothing but the global curvature
K(γ) of γ (Fig. 2.9).

This construction can be generalized to polygons as follows: if P is a polygon in
E

N , one can define its Gauss map G as the map which associates to each edge e of
P the unit vector of S

N−1 parallel to e (with the correct orientation). The image of
G is nothing but a finite set of points which can be joined by arcs of great circles.
One gets a curve on S

N−1 whose length is nothing but the global curvature of P, as
defined in Definition 4 (Fig. 2.10).

Fig. 2.9 The Gauss map
associated to a curve in E

3

γ

G

S2

Fig. 2.10 The Gauss map
associated to a polygon line

G

S2

p
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Consequently, it appears that one can approach the global curvature of a curve
by evaluating the length of the image of the Gauss map of a polygon inscribed in
it. Detailed computations will be made in Chap. 25 for curves in E

2 and E
3. One

might think that this method can be applied for any geometric invariant defined on
any submanifold of E

N ,N ≥ 3. In fact, the situation is completely different even for
surfaces in E

3, as we shall show in the next chapters.

2.4 Curves in E
2

One can get sharper results and definitions for plane curves, as we see in this section.

2.4.1 A Pointwise Convergence Result for Plane Curves

The curvature kp at a point p of a C2-plane curve γ can be evaluated from the angular
defect of a polygon inscribed in it as follows.

Theorem 4. Let p1 pp2 be three points on γ , and denote by η1 (resp., η2) the dis-
tance from p1 to p (resp., p2 to p) and by α the angle between pp1 and pp2. Then:

• If η1 
= η2,
π−α
η

= kp +o(1).

• If η1 = η2 = η ,
π−α
η

= kp +o(η),

where

η =
η1 +η2

2
.

This theorem can be proven by using a power expansion of the parametrization
of the curve (see [21] for details). Note in particular that the convergence speed is
faster when the two neighbors are located at the same distance from p (Fig. 2.11).

2.4.2 Warning! A Negative Result on the Approximation by Conics

Theorem 4 claims that one can approximate the pointwise curvature of a curve by
the angle spanned by two inscribed segments. It may be tempting to get a better
approximation by using an inscribed conic instead of segments. If one wishes to
approximate the curvature of a smooth curve at a point p, one could adopt the fol-
lowing process:
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α

p1

p2

p

Fig. 2.11 The pointwise curvature of a smooth curve approximated by the angle

• Consider four points q,r,s, t close to p.
• Construct the conic C on p,q,r,s, t.
• Compute the exact value of the curvature κp of C at p.
• Approximate the curvature kp of γ at p by κp.

These steps are not valid in general, as the following example3 shows.
A counterexample. Consider the function

f : R → R,

defined by

f (x) =

{
g(x)

√
x2 + x if x ≥ 0,

0 if x < 0,
(2.8)

where
g : R → R

is a smooth function such that
g(x) =

1
2n

on the segment [ 1
2n+1 , 1

2n ].
One can check that the function g can be chosen so that f is C∞ (the delicate point

is the origin 0), has a horizontal tangent at 0, and zero curvature at 0. To construct
an explicit suitable function g, one begins considering a C∞ map h defined on the
segment [0,1], such that h(0) = 0 and h(1) = 1, whose derivatives are all null at 0
and 1. Then, we put

g(x) =

⎧
⎪⎨

⎪⎩

0 if x = 0;
1

2n+1 + 1
2n+1 h((2n+1)(2n+2)x− (2n+1)), on [ 1

2n+2 , 1
2n+1 ];

1
2n on [ 1

2n+1 , 1
2n ].

(2.9)

3 Due to Pierre Lavaurs in a private communication.
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f

hn

Fig. 2.12 At the origin, the curvature of the sequence of dotted hyperbolae tends to infinity, al-
though the curvature of the plain curve is null

The only difficulty is to check that g is C∞ at 0 and that all its derivatives are zero at
this point.

Now for each n ∈ N, consider four points an,bn,cn,dn on the graph of f between
1

2n+1 and 1
2n . Since g equals 1

2n on this segment, the five points 0,an,bn,cn,dn lie on
the hyperbola

y =
1
2n

√
x2 + x,

whose tangent at 0 is vertical and whose curvature at 0 equals 4n

2 .
When n goes to infinity, we get a sequence of four points an,bn,cn,dn which

lie on the graph of f , which tends to 0, and such that the associated conic through
0,an,bn,cn,dn has curvature at 0 tending to infinity, although the curvature of the
graph of f at 0 is null (Fig. 2.12).

Other types of counterexamples can be constructed by the reader, replacing the
hyperbola by ellipses for instance. The curvature kp at the relevant point p on the
original curve can be zero or not, and the curvature of the sequence of ellipses tend
to a (zero or nonzero) value different to kp.

2.4.3 The Signed Curvature of a Smooth Plane Curve

If the smooth curve γ lies in E
2 endowed with its canonical orientation, one can

modify slightly the definition of k to define the signed curvature κ at each point
m = γ(s) as follows: for s ∈ [0, l], one defines the (unit) normal vector ν(s) such that
(t(s),ν(s)) is a direct orthonormal frame at s. We put (Fig. 2.13)

κ(m) =< t ′(s),ν(s) > . (2.10)
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Fig. 2.13 There are two
possible definitions of the
curvature of a plane curve but
the functions k and κ may
only differ in sign

t

γγ

t

ν

t’

Fig. 2.14 Locally, θ measures
the angle between the x-axis
and the tangent t of the curve

t(s)

θ (s)

γ (s)

Then, as before, we define the global (or total) curvature K̃(γ) of γ by

K̃(γ) =
∫ l

0
κ(s)ds.

One can give an intuitive geometric meaning of the (signed) curvature of a curve: let

γ : [0, l] → E
2

s → γ(s)

be a regular curve parametrized by the arc length and t be its (unit) tangent vector
field. If ε is a sufficiently small real number, let us define the map

θ : [0,ε] → [0,2π[
s → θ(s),

which associates to each s ∈ [0,ε] the angle θ(s) ∈ [0,2π[ which t(s) makes with
the Ox-axis in E

2 (Fig. 2.14).
Then

t = (cosθ ,sinθ).

If ν is a vector field over γ such that (t,ν) is a direct orthonormal frame, then

t ′ = θ ′(s)ν = κν ,

where κ denotes the signed curvature function of the curve. We deduce that, for
each s0 ∈ [0,ε],

θ(s0) =
∫ s0

0
κ(s)ds. (2.11)
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Consequently, the integral of κ on [0,ε] is the variation of the angle θ :
∫ ε

0
κ(s)ds = θε −θ0.

This implies that the integral of κ is perfectly known if one knows the position of
the tangent vectors at the end points of γ .

Globally, let us introduce the Gauss map G associated to γ:

G : [0, l] → S
1,

defined by
G(s) = t(s),∀s ∈ [0, l],

where t denotes the unit tangent vector field over the curve. If dθ denotes the length
form of S

1, one has
G∗(dθ) = κds, (2.12)

from which we deduce that

K̃(γ) =
∫ l

0
κds = 2Iπ, (2.13)

where κ denotes the signed curvature of the curve γ and I is an integer called the
rotation number of γ . The rotation number is the number of times that the tangent
vector field turns around S

1 (the sign depending on the orientation of the curve).
Let us end this section with the well-known theorem.

Theorem 5 of Turning Tangents The rotation number of a smooth closed simple4

plane curve equals ±1 (the sign depending on the orientation).

2.4.4 The Signed Curvature of a Plane Polygon

One can also assign to each vertex of an (oriented) polygon P of the (oriented) plane
E

2 a signed angle as follows: consider any fixed axis, for instance the Ox-axis in E
2.

If the interior vertex v of P is incident to the (oriented) edges −→pq and −→qr, let

θ(−→pq) ∈]−π,π[

be the angle ∠(Ox,−→pq) and
θ(−→qr) ∈]−π,π[

be the angle ∠(Ox,−→qr). We put

θv = θ(−→pq)−θ(−→qr).

4 A closed simple curve of the plane is a closed curve without self-intersection points.
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Definition 6. Let P = v1v2...vn be an (oriented) polygon in the (oriented) plane E
2.

The signed curvature of P at each interior vertex vi is the real number

κvi = θvi .

As before, we define the global (or total) signed curvature of P by

K̃(P) =∑
i
κvi .

Since the sum of the signed curvatures of the vertices of a closed polygon P =
v1...vi...vn of E

2 is a multiple of 2π , the rotation number of P is the integer I defined
by the equation

K̃(P) =∑
i
κvi = 2Iπ.

The theorem of turning tangents for simple closed polygons of the plane (corre-
sponding to Theorem 5) can be stated as follows.

Theorem 6. The rotation number of a simple closed polygon equals ±1 (the sign
depending on the orientation).

The reader can consult [11, 40] for details.

2.4.5 Signed Curvature and Topology

It is important to remark that the rotation number I of a closed plane curve is invari-
ant under isotopy. Consequently, the integral of the signed curvature κ of smooth or
polygonal closed plane curves is a topological invariant. On the other hand, the un-
signed curvature k is not a topological invariant: an isotopy of a closed plane curve
changes its total curvature (Fig. 2.15).

C’
C

Fig. 2.15 An isotopy of the circle C does not change its rotation number (here equal to 1) nor its
total signed curvature. However, its total curvature changes: the total signed curvature of C equals
2π and equals the total signed curvature of C′; the total curvature of C is still 2π but it is different
to the total curvature of C′
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2.5 Conclusion

In this chapter of motivation, we have seen that the length and the curvature invari-
ants of curves can be defined in smooth and discrete contexts. However, even in
simple situations, convergence and approximation results may fail.

The length and the curvature are the only two geometric invariants of curves we
study in this book. They involve the first and second derivatives of the parametriza-
tion. Of course, other curvatures can be defined in a smooth context. For instance,
let us write the Frénet equations for a (regular) smooth curve γ in E

3 parametrized
by the arc length, with (unit) tangent vector t:

⎧
⎪⎨

⎪⎩

dt
ds = kn
dn
ds = −kt + τb
db
ds = −τn,

(2.14)

from which one builds the Frénet frame (t,n,b). Here, τ denotes the torsion of the
curve and b the binormal vector field. The torsion τ involves the third derivative
of the parametrization. We do not deal with this invariant, although a nice theory
should be presented.

Chapter 3 will deal with surfaces, where it appears that the theory of approxima-
tion of geometric invariants is much more complex.



Chapter 3
Motivation: Surfaces

Our goal in this chapter is to point out the difficulties arising when one evaluates the
area and the curvatures of a surface by approximation.

3.1 The Area of a Surface

Let us begin with the area of a surface. We only assume here that the reader is
familiar with the usual notion of area of simple linear objects like triangles and
C1-parametrized surfaces. A deeper summary of measure theory will be given in
Chap. 5 (Fig. 3.1).

3.1.1 The Area of a Piecewise Linear Surface

To compute the area of a piecewise linear two-dimensional region, one divides the
region into a partition of triangles, computes the area of each triangle with the fa-
miliar formula – half the product of the base by the height – and then adds all these
areas. The only point to check is that the result is independent of the triangulation
(Fig. 3.2).

3.1.2 The Area of a Smooth Surface

If a (bounded) surface S is the image of a parametrization (smooth almost every-
where),

x : U → E
3,

29
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Fig. 3.1 The area of the
triangle is bh

2

h

b

Fig. 3.2 The area of T is
the sum of the areas of t1, t2,
and t3

t1

t2

t3

T

then the area of S is given by the integral formula

A(S) =
∫

S

√
dxdxdudv, (3.1)

denoting by (u,v) the coordinates of U . If S is piecewise linear, (3.1) obviously gives
the exact result.1

3.1.3 Warning! The Lantern of Schwarz

From Sects. 3.1.1 and 3.1.2, one could think that the area of a smooth surface can
be computed as the limit of the areas of a sequence of triangulations “tending to it.”
This section deals with the noncontinuity of the area with respect to the Hausdorff
distance: one can construct examples of sequences of polyhedra Pn inscribed in a
smooth surface S in E3, whose Hausdorff limit is S, but whose areas do not tend
to the area of S (compare with the case of a smooth curve approximated by a se-
quence of inscribed polygons described in Chap. 2). The classical example of such
a situation is the Lantern of Schwarz [75], which we describe now in details (see
also [11]).

Let C be a cylinder of finite height l and radius r in E
3. Let P(n,m) be the tri-

angulation inscribed in C defined as follows: consider m+1 circles on the cylinder
C obtained by intersecting C with 2-planes orthogonal to the axis of C. Inscribe in
each circle a regular n-gon such that the n-gon on the slice k is obtained from the
n-gon of the slice k − 1 by a rotation of angle π

n . Then, join each vertex v of the
slice k− 1 to the two vertices of the slice k which are nearest to v. One obtains a

1 Denoting
√

dxdx by |dxdx|, (3.1) can be written A(S) =
∫

S |dx|dudv.
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Fig. 3.3 Hexagons inscribed
in a circle

.

.

. .

Fig. 3.4 The Lantern of
Schwarz

triangulation whose vertices vi j are defined as follows: for all i ∈ {0, ...,n−1} and
for all j ∈ {0, ...,m} (Figs. 3.3 and 3.4),

vi j =

{
(r cos(iα),r sin(iα), jh) if j is even,

(r cos(iα + α
2 ),r sin(iα + α

2 ), jh) if j is odd,

and whose faces are
vi j v(i+1) j vi( j+1),
vi j v(i−1)( j+1) vi( j+1),

where α = 2π
n and h = l

m .
Note now that the area of the cylinder is A(C) = 2πrl. On the other hand, the

area A(P(n,m)) of P(n,m) is nothing but the sum of the areas of its triangles. When
n tends to infinity, a simple computation shows that

lim
n→+∞

A(P(n,m)) = 2πrl

√

1+
m2π4r2

4n4l2 . (3.2)
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In particular,

lim
n→+∞

A(P(n,n2)) = 2πrl

√

1+
r2π4

4l2 
= A(C) (3.3)

and
lim

n→+∞
A(P(n,n3)) = +∞, (3.4)

although C is the Hausdorff limit of both P(n,n2) and P(n,n3).
This example shows that it is possible to find sequences of triangulations in-

scribed in a (smooth) surface S whose Hausdorff limit is C, but whose area tends to
infinity or to a limit different from the area of C. One can visualize this phenomenon
by building developable Lanterns of Schwarz as Figs. 3.5 and 3.6 show.

More generally, it can be proved that for every real number α > 2πrl, there exists
a sequence of Schwarz lanterns whose Hausdorff limit is C and whose areas tend
to α .

The consequence of these crucial remarks is that the Hausdorff topology is not
the best one to deal with geometric approximations.

(a) L1 (b) L2 (c) Half cylinder

Fig. 3.5 Examples of half Schwarz lanterns

(a) Unfolded L1 (b) Unfolded L2 (c) Unfolded half
cylinder

Fig. 3.6 Unfolding of C and of two half Schwarz lanterns closely inscribed in C (the scale is
the same)
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3.2 The Pointwise Gauss Curvature

After giving the basic definition of the Gauss curvature at a point of a smooth sur-
face or a vertex of a polyhedron, this section focusses on the difficulty of getting
pointwise approximations or convergence theorems.

3.2.1 Background on the Curvatures of Surfaces

Let S be a (smooth) oriented surface of the (oriented) Euclidean space E
3. The sur-

face S can be endowed with the Riemannian metric induced by the canonical scalar
product of E

3. Classically, the Gauss curvature function G of S can be defined with
the metric on S. In our context, we prefer to define it by using the extrinsic structure
of S. Theorema egregium of Gauss asserts that both definitions are equivalent.

We denote by T S the tangent bundle of S and by ξ the unit normal vector field of
S. If p is a point of S, S can be locally defined around m by a smooth immersion

x : U → E
3,

where U is a domain of E
2. Let (u,v) be a system of coordinates on U .

Since |ξ | = 1,

(
∂ξ
∂u

)p and (
∂ξ
∂v

)p

are orthogonal to ξp and define a frame of TpS. Consequently, the differential Dξ
induces a tensor

A : T S → T S,

defined for each vector X ∈ T S by

A(X) = −DXξ .

The tensor A is self-adjoint with respect to the scalar product < , >: for every
X ,Y ∈ T S,

< A(X),Y >=< X ,A(Y ) > .

The tensor A is called the Weingarten tensor and its adjoint h, defined for every
X ,Y ∈ T S by

h(X ,Y ) =< A(X),Y >,

is called the second fundamental form of S. At each point p of S, the eigenvalues
λ1p and λ2p of h at p are called the principal curvatures of S at p. At each point p,
there exist two (orthogonal) eigenvectors of A, called the principal directions of S
at p. The integral lines of these principal directions are called the lines of curvature
of S.
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Fig. 3.7 At the point p, the
two principal lines (tangent to
the principal directions) are
orthogonal

S

ξ

p

The determinant of h is the Gauss curvature Gp of S at p and half the trace Hp of
h is the mean curvature of S at p:

Gp = λ1pλ2p ,

Hp = 1
2 (λ1p +λ2p).

Another (equivalent) point of view is to define the principal curvatures and direc-
tions as follows: a geodesic of S is a curve minimizing the distance locally. It is well
known that, at each point p of S and for any (unit) tangent direction X at p, there
exists a unique (local) geodesic γX tangent to X . When X varies on the unit circle
S

1 ⊂ TpS, the curvature kp(X) at p of γX (considered as a curve in E
3) is related to

the second fundamental form as follows:

kp(X) = hp(X ,X).

The maximum and minimum of kp(X) are the two principal curvatures λ1p and λ2p

of S at p. An extensive study of the local Riemannian geometry of surfaces in E
3

can be found in [40] (Fig. 3.7).

3.2.2 Gauss Curvature and Geodesic Triangles

Let us present a discrete point of view: it is possible to recover the Gauss curvature
at a point p of a smooth surface S with help of the solid angle of geodesic triangles
incident to p (see [2] for a extensive study). If v,v1,v2 are three points on S, the
geodesic triangle with vertices v,v1,v2 is the union of the geodesic arc γ1 joining
v and v1, the geodesic arc γ2 joining v and v2, and the geodesic arc γ3 joining v1
and v2. If τ is a geodesic triangle on S, with vertices v,v1,v2, denote by l, l1, l2 the
lengths of the geodesic arcs opposite to the vertices v,v1,v2. Finally, let α be the
angle of τ at v.

From this geodesic triangle, we construct now an Euclidean triangle t whose
vertices are p, p1, p2 in E

2 and whose edge lengths are

l = |p1 p2|, l1 = |pp2|, l2 = |pp1|.

Let β be the angle of t at p. A fundamental result can be stated as follows.
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Lemma 1. The formula

β = α +
1
6

Gpl1l2 sinα +o(l2) (3.5)

holds, where l = max(l1, l2).2

Lemma (3.5) means that the Gauss curvature of a surface S at a point can be
approximated (up to order 2) by (a constant times) a difference of two angles β −α .
Note, however, that α is not the angle at v of the triangle composed of the chord –
i.e., straight lines – (in E

3) joining v,v1,v2. The quantities α and β only depend
on the intrinsic Riemannian geometry of S and not on the isometric embedding of
S in E

3.
Consider now a geodesic triangulation around p, i.e., a set of n geodesic triangles

incident to p, forming a topological disc around p. Summing (3.5) over all angles
βi at p and using the fact that the sum of the βi equals 2π , one gets [2]:

Theorem 7.
2π−∑

i
αi =

A(p)
3

Gp +o(l2), (3.6)

where Gp is the Gauss curvature of S at p and A(p) denotes the sum of the areas of
the Euclidean triangles ti associated to the geodesic triangles τi (Figs. 3.8 and 3.9).

This theorem is the heart of [24, 25] in which a deep intrinsic discretization of
the curvature tensor is given.

S

p
v

l2

l2 l1l1

l
l

αβ

Fig. 3.8 The Euclidean triangle associated to a geodesic triangle on a surface S. The curvature at
v is related to the angle at p and the angle at v by (3.5)

2 In this formula, o denotes the Landau notation: o(l2) = l
2ε(l), where ε is a function tending to 0

when l tends to 0.
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p

S

αj

αi

βj

βi

v

Fig. 3.9 Evaluating the Gauss curvature of a surface at a vertex v of a geodesic triangulation
using (3.5)

Fig. 3.10 The αi are the
angles of the triangles incident
to the vertex v

αi−1

v

αi

3.2.3 The Angular Defect of a Vertex of a Polyhedron

Let us now discuss a discrete analogue of the (smooth) Gauss curvature for polyhedra.
Looking at (3.6), it may be tempting to relate the Gauss curvature at a vertex of

a polyhedron to its angular defect (up to a constant of normalization). We give a
precise definition.

Definition 7. Let v be a vertex of a polyhedron P. The angular defect of P at v is the
real number

αv = 2π−∑
i
αi,

where the αi denote the angles at v of the triangles incident to P (Fig. 3.10).

Consequently, αv is null if and only if the 1-ring of triangles around v is devel-
opable (Fig. 3.11).3

We shall improve this point of view in Chap. 6.

3 Here, the 1-ring of triangles around v means the set of triangles which have v as a commun
vertex, as we will see in Sect. 3.2.4.
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v v

αi αi−1 αi−1αi

Fig. 3.11 If the sum of the αi equals 2π , then v is developable, i.e., the 1-ring around v can be
“flattened” onto a plane

Fig. 3.12 Approximating
the Gauss curvature at a point
p of a surface by the solid
angle of the approximating
triangulation at the vertex p
gives in general bad results

p

γi

pi

pi+1

Note that although the Gauss curvature at a point of a smooth surface is homoge-
neous to the inverse of a surface area, the angular defect of a vertex of a polyhedron
is dimensionless.

3.2.4 Warning! A Negative Result

Theorem 7 is of little help from a practical standpoint since the knowledge of geo-
desics is required. This leads us to replace the length of the geodesics in (3.6) by the
length of their underlying chords, easy to evaluate, and the angles βi by the angles
between the corresponding chords, still easy to evaluate. However, the result is bad
in full generality (Fig. 3.12).

A deep study of this phenomenon can be found in [20, 21]. We summarize here
the main results, by giving a Taylor expansion of the angular defect in terms of the
geometry of the surface around one of its points.

Consider a point p on a smooth surface S together with n Euclidean triangles
{pi ppi+1} (with pn+1 = p1), forming a piecewise linear approximation of S around
p. We introduce the following notation:

• The 1-ring around p is the set of points p1, ..., pn which have a commun edge
with p.
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• The integer n is called the valence of p.
• The plane containing the normal to the surface, p, and pi is denoted by Πi; this

plane is defined by its angle φi with respect to some coordinate system in the
tangent plane of S at p (for instance, given by a frame defined by principal direc-
tions).

• The Euclidean distance from p to pi is denoted by ηi.
• The angle at p of the triangle ppi pi+1 is denoted by γi.
• The angle between two consecutive normal sectionsΠi andΠi+1 is denoted by βi.
• To simplify the notations, we put

ci = cosφi, si = sinφi.

Now we put

Ai =
1

4sinγi
[ηiηi+1(c2

i s2
i+1 + s2

i c2
i+1)−

cosγi

2
(η2

i (2c2
i s2

i )+η2
i+1(2c2

i+1s2
i+1))],

Bi =
1

4sinγi
[ηiηi+1(c2

i c2
i+1)−

cosγi

2
(η2

i c4
i +η2

i+1c4
i+1)],

Ci =
1

4sinγi
[ηiηi+1(s2

i s2
i+1)−

cosγi

2
(η2

i s4
i +η2

i+1s4
i+1)].

(3.7)

Let
A =∑

i
Ai, B =∑

i
Bi, C =∑

i
Ci.

One has the following theorem.

Theorem 8. At each point p of S,

2π−
n

∑
i=1

γi = (AGp +Bλ 2
1 +Cλ 2

2 )+o(η2), (3.8)

where λ1 and λ2 denote the two principal curvatures of S at p.

In full generality, Theorem 8 shows that there is no hope of getting any interesting
approximation of the Gauss curvature of the surface, up to order 2, with the solid
angle of the 1-ring neighbor given by the chords.

The only possibility to improve (3.8) is to find suitable triangulations around p
which cancel the terms B and C. This happens for triangulations having some kind
of regularity. That is why we give the following definition.

Definition 8. Let p be a point of a smooth surface S and pi, i = 1, ...,n be its 1-ring
neighbors. The point p is called a regular vertex if:

• The points pi lie in two consecutive normal sections of which form an angle
θ = 2π

n .
• The lengths ηi take the same value η .

Using these particular triangulations, we get the following theorem.
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Theorem 9. Consider a regular vertex p with valence 6. Then

lim
η→0

2π−∑i γi

η2 =
√

3
2

Gp.

3.2.5 Warning! The Pointwise Gauss Curvature of a Closed
Surface

It is well known that a C∞ closed4 surface S in E
3 has a point p with positive Gauss

curvature. This result fails for closed polyhedra. For instance, there exist embedded
flat polyhedric tori T in E

3: each vertex v of T has a null angular defect (αv = 0)
(Figs. 3.13 and 3.14).

Fig. 3.13 The point p of
S which is at a maximal
distance from 0 has a positive
Gauss curvature

p

O

S

Fig. 3.14 Here is a flat
polyhedric torus embedded
in E

3: each vertex has a null
angular defect. This torus has
16 “internal” faces (triangles),
and 8 external faces (trans-
parent rectangles)

4 That is, compact without boundary.
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Such a torus can be constructed as follows: it is the union of n triangles

(Ak,Ak,Bk+3),

n triangles
(Bk,Bk−1,Ak−3),

and n rectangles
(Ak,Ak+1,Bk+1,Bk),

where
Ak = (cos

2kπ
n

,sin
2kπ

n
,−1) , Bk = (cos

2kπ
n

,sin
2kπ

n
,1).

When n ≥ 7, T is embedded in E
3.5

3.2.6 Warning! A Negative Result Concerning the Approximation
by Quadrics

We have seen in Sect. 3.2.4 that there is in general no hope of getting a good approx-
imation to the curvature at a point p of a curve γ , by taking four points in general
position on γ close to p, the conic C containing p and these four points, and com-
puting the curvature of C at p. In the same spirit, there is in general no hope to get
a good approximation to the curvatures at a point p of a surface S, by taking nine
points in general position on γ close to p, using the quadric Q through p and these
nine points, and computing the curvatures of Q at p.

More generally, the following situation shows the impossibility of finding “uni-
versal” discrete geometric pointwise quantities to approximate the curvatures of a
surface:

• Consider two surfaces S1 and S2 whose intersection is the union of two secant
smooth curves γ1 and γ2. Let p = γ1 ∩ γ2.

• Suppose that the Gauss curvature G1p of S1 is different to the Gauss curvature
G2p of S2 at p.

• Now, consider four sequences of points qn,rn,sn, tn such that qn prn are on γ1 (in
this order) and sn ptn are on γ2 (in this order), tending to p when n tends to infinity.

• Let Tn be the triangulated surface whose faces are the triangles

pqs, psr, prt, pqt.

Associate to this piecewise linear surface any number ζn, called “the curvature”
of Tn. When n tends to infinity, ζn cannot tend to both G1p and G1p , since these
quantities are different by construction. The same argument can be invoked with
the mean curvatures or any principal curvature (Fig. 3.15).

This point of view has been extensively developed and studied in [84].

5 The author thanks R. Ferréol and G. Valette for interesting private mails on this example.
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Fig. 3.15 Here is the intersection of a hyperboloid (of negative Gauss curvature) and an ellipsoid
(of positive Gauss curvature). This intersection is the union of two curves. By constructing a se-
quence of triangulations inscribed in these curves and tending to one of their intersection point,
(Tn)n∈N, one sees that any sequence of number ζn can converge to both the Gauss curvature of
the hyperboloid and the Gauss curvature of the ellipsoid. This image is courtesy of the I.N.R.I.A.
project team Vegas

M

G(p)

ξp

S2

G

.p

TpMe2ξ
e1

Fig. 3.16 The Gauss map of a surface

3.3 The Gauss Map of a Surface

3.3.1 The Gauss Map of a Smooth Surface

Let S be an oriented (smooth) surface of E
3. The Gauss map associated to S is the

map (Fig. 3.16)
G : S → S

2,

defined as follows: if ξ is the oriented normal vector field of S, then for all m ∈ S
2

G(m) = ξm.

The relation between the Gauss map G and the Gauss curvature of S can be seen
as follows: if da

S
2 is the area form of S

2, one has

G∗(da
S

2) = GdaS, (3.9)
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where daS denotes here the area form of S and, as usual, G is the Gauss curvature
function of S (see [11, 40] for instance). Consequently, integrating (3.9) gives a
geometrical interpretation of the total Gauss curvature in terms of an algebraic area:

∫

S
G∗(da

S
2) =

∫

S
GdaS. (3.10)

If the map G is one to one, (3.10) implies that

∫

S
GdaS = ±

∫

im (G)
da

S
2 , (3.11)

the sign depending on the orientation.
If the map G is not one to one, the interpretation of (3.9) requires care, since some

parts of the image of G are covered many times, introducing an index in (3.11) to
recover a correct equality.

3.3.2 The Gauss Map of a Polyhedron

One can generalize the concept of the Gauss map of smooth surfaces to polyhedra
(see [8]). If P is an (oriented) polyhedron of E

3, the Gauss map associates to each
vertex v of P its exterior angle,6 considered as an oriented subset av of S

2 endowed
with an index. This index describes how often av is covered. For instance, if v is a
convex vertex with respect to P, then this index is 1. For a vertex of saddle type, the
index is −1, and for a monkey saddle, this index is −2. Figures 3.17–3.19 reproduce
the standard cases studied in [8] (we deal with normal vectors instead of normal lines
appearing in [8]).

The interest of this point of view is that it allows Gauss–Bonnet theorem to be
recovered in terms of critical points of height functions in a broad frame including
smooth surfaces and polyhedra.

Fig. 3.17 If v is a convex
vertex of a polyhedron, the
index of av = 1

+1

6 A precise definition is given in Chap. 6.
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Fig. 3.18 If v is a saddle
point, the index of av = −1 -1

−2

Fig. 3.19 If v is the vertex of a monkey saddle, each of the three vectors drawn in S
2 is the (unit)

normal vector of two faces of the monkey saddle. Taking the orientation in account leads to av =−2

3.4 The Global Gauss Curvature

If S is a closed (oriented) surface of E
3, we deduce from (3.9) that its global curva-

ture is given by the following equality:

K(S) =
∫

S
G∗(da

S
2). (3.12)

A remarkable relationship relating the global Gauss curvature of a (smooth)
closed surface S to its topology is the Gauss–Bonnet theorem (see [11, 40] for in-
stance): the Euler characteristic χ(S) of the surface7 S can be evaluated by integrat-
ing the Gauss curvature function G of S. One has

K(S) = 2πχ(S). (3.13)

This smooth theorem has a discrete analogue: if P is a polyhedron, its Euler
characteristic χ(P) can be evaluated by summing the Gauss curvature of P at each
vertex [8]:

2πχ(P) = ∑
v vertex of P

αv, (3.14)

where αv denotes the angular defect of P at v.

7 We assume here that S has no boundary, but an equivalent result is valid for general oriented
surfaces (with or without boundary).
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Fig. 3.20 The area of the
smooth surface S of E

2 is
approximated by the area of
the polyhedron P (or Q)

P
S

C
Q

By analogy with the smooth case, it is then natural to define the (global) Gauss
curvature of P by setting

K(P) = ∑
v vertices in P

αv. (3.15)

This point of view will be generalized to polyhedra of any dimension in Chap. 6.
In our context (of approximation), these fundamental results appear as negative

ones. In fact, this means that the shape of a smooth surface or a polyhedron cannot
be detected by integrating or summing the pointwise Gauss curvature. Deforming
a (smooth or discrete) surface does not change its topology and does not affect its
global Gauss curvature.

3.5 The Volume

Although the volume functional is not continuous on the class of subsets of E
3

for the Hausdorff topology, it is interesting to point out that its additivity property
implies simple interesting results concerning its approximation. For instance, if a
three-dimensional (bounded) domain D of E

3 lies between two (bounded) domains
P1 and P2:

P1 ⊂ D ⊂ P2,

then the volume of D is bounded from below by the volume of P1 and from above
by the volume of P2. If the difference of the volumes of P1 and P2 is “small,” then a
“good” approximation of the volume of D is given by the volume of P1 or P2. This
remark gives a simple way to approximate the volume of a domain (with smooth
boundary) by volumes of polyhedra (Fig. 3.20).

The Aim of This Book

The aim of this book is now clear: to construct a theory which allows us to de-
fine geometric invariants (which will be called curvature measures) on a large class
of objects including smooth submanifolds, piecewise linear spaces, convex subsets
(and more generally, singular objects). By using a coherent topology, our goal is to
derive approximation and convergence results.



Chapter 4
Distance and Projection

The objects studied here are subsets of the Euclidean space E
N , endowed with its

classical scalar product < ., . >. If

x = (x1, ...,xi, ...,xN),y = (y1, ...,yi, ...,yN)

are two points of E
N , then

< x,y >=
N

∑
i=1

xiyi.

This scalar product induces a norm on E
N

|x| =
√

N

∑
i=1

x2
i

and a metric d on E
N , defined by

d(x,y) = |x− y| = |−→xy|.

As usual, if x is a point of E
N and r > 0 is a real number, the open ball B(x,r) is

the set of points whose distance to x is strictly smaller than r and the closed ball
B(x,r) is the closure of B(x,r), i.e., the set of points whose distance to x is less than
or equal to r.

4.1 The Distance Function

The distance d on E
N can be extended as follows. If m is a point of E

N and A is a
(nonempty) subset of E

N , one defines the distance d(m,A) from m to A by

d(m,A) = inf
a∈A

d(m,a).
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Fig. 4.1 The tube of radius ε
of a “full” rectangle A in E

2

ε
A

Fig. 4.2 The tube of radius
ε of an “empty” rectangle
R in E

2 is the set of points
which are between the two
boldface lines

ε

ε

R

Now, fixing A, one can introduce the distance function dA as the map

dA : E
N → R

+

by setting, for all m ∈ E
N ,

dA(m) = d(m,A).

We define now the tube around a subset A (Figs. 4.1 and 4.2).

Definition 9. Let A be any subset of E
N and ε > 0. The tube or tubular neighborhood

of A is the set of points

Aε = {m ∈ E
N ,d(m,A) ≤ ε}.

Using the notion of tube, one defines the most common distance between two
(nonempty) subsets of E

N , namely the Hausdorff distance.
Let P(EN) denote the set of all subsets of E

N .

Definition 10. The Hausdorff distance d is defined as follows: for all elements P
and Q of P(EN),

d(P,Q) = inf{r > 0 : P ⊂ Qr and Q ⊂ Pr}. (4.1)
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Fig. 4.3 The length l (resp.,
l′) denotes the distance from
m to A (resp., from l′ to m′).
One has always |l − l′| ≤
|mm′| l’

m’

l

m

A

One can easily check that d is effectively a distance on the set Pc(EN) of compact
subsets of E

N .
The main properties of dA are summarized in the following theorem.

Theorem 10. Let A be a (nonempty) subset of E
N. Then:

1. dA(m) = 0 ⇐⇒ m ∈ A.
2. The map

dA : E
N → R

+

is uniformly Lipschitz and

∀m,m′ ∈ E
N ,dA(m)−dA(m′) ≤ d(m,m′). (4.2)

3. The map dA is differentiable almost everywhere and

|grad dA| = 1, (4.3)

almost everywhere.

The proof of Theorem 10 is classic and left to the reader (see [37] for instance).
We shall improve the equality (4.3) by using the projection map in Theorem 12
(Fig. 4.3).

4.2 The Projection Map

If m is a point of E
N , one can consider the subset of points a ∈ A such that

dA(m) = d(m,a). If A is closed, this subset is not empty. Any point of it is called an
orthogonal projection of m onto A (Fig. 4.4).
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Fig. 4.4 The point m has
three orthogonal projections
onto the curve C

mm1

m2

m3

Fig. 4.5 When A is smooth,
the line pr(m)m is orthogonal
to the tangent space Tpr(m)A

A

Tpr(m)A

m

pr(m)

Let us denote by UA the subset of points of E
N having a unique orthogonal pro-

jection onto A. On UA, one can define the orthogonal projection map

prA : UA → A

(if there is no possible confusion, one simply writes pr instead of prA).

Remarks

• Since dA is Lipschitz, it is differentiable almost everywhere. Using Theorem 10,
this implies that prA is defined almost everywhere and E

N \UA has a null
(Lebesgue) measure.

• Moreover, if A is smooth, then
−−−−−→
prA(m)m is orthogonal to A, i.e.,

−−−−−→
prA(m)m is or-

thogonal to the tangent space TprA(m)A of A at prA(m) (Fig. 4.5).

In general, the projection map is not continuous, as the example of Fig. 4.6 shows.
However, by restricting the geometry or the topology of the subset A, one may obtain
continuity. For instance, one has the following theorem.

Theorem 11. Let A be a compact subset of E
N. Then, the orthogonal projection

pr : UA → A

is continuous.
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Fig. 4.6 When it is defined,
the map prA is not continuous
in general: here, A is the
union of two intervals. When
m tends to m0, prA(m) does
not tend to prA(m0)

m

pr(m)

m0

pr(m0)

Sketch of proof of Theorem 11 Let m ∈ UA and let p be the projection of m onto
A. Let (mn)n∈N

be a sequence of points of UA which tends to m. For all n ∈ N, let
pn be the orthogonal projections of mn onto A. We shall prove that

lim
n→∞

pn = p.

Since A is compact, there exists a subsequence of (pn)n∈N
, which we still denote

by (pn),n ∈ N, which converges to a point q of A. Since the distance function dA is
continuous, dA(mn) tends to dA(m) = d(m, p). On the other hand,

dA(mn) = d(mn,A) = d(mn, pn)

tends to d(m,q). Hence,
d(m, p) = d(m,q).

Since m has a unique projection on A, p = q and

lim
n→∞

pn = p.

This implies that all limiting values of the sequence (pn)n∈N
equal p. Classically,

we conclude that the sequence (pn)n∈N
tends to p. This implies that the orthogonal

projection is continuous on UA. �
The main properties of the distance function are summarized in the following

theorem.

Theorem 12. Let A be a (nonempty) closed subset of E
N and let m be a point of E

N:

1. If grad dA(m) exists, then m lies in UA.
2. If m is a point of A such that grad dA(m) exists, then

grad dA(m) = 0.

3. For all m /∈ A,

grad dA(m) =
−−−−−→
prA(m)m

dA(m)
.

4. dA is C1 on int(UA \A).
5. d2

A is continuously differentiable on int UA and

grad d2
A(m) = 2d(m,pr(m))grad dA(m).



52 4 Distance and Projection

Sketch of proof of Theorem 12
1. Let m ∈ (EN \A). Suppose that the function dA is differentiable at m and that

there exist two different points a,a′ ∈ A such that

dA(m) = d(m,a) = d(m,a′).

The kernel of the differential DdA(m) is orthogonal to the vectors ma and ma′,
and its dimension is (N−1), which is a contradiction. Consequently, there exists
only one point a satisfying dA(m) = d(m,a) and m ∈UA.

2. Let m be a point of A such that grad dA(m) exists. This point is clearly a minimum
for the function dA, which implies that its gradient is null at m.

3. Let m be a point which does not belong to A. Suppose that grad dA(m) exists.
The gradient grad dA(m) of dA at m is parallel to the vector −→ma, where a denotes
the (orthogonal) projection of m onto A. On the other hand, since

|dA(m)−dA(m′)| ≤ d(m,m′),

we have |DdA(m)| ≤ 1. Moreover,

dA[m+ t(a−m)] = dA(m)− tdA(m).

We deduce that

grad dA(m) =
−−−−−→
prA(m)m

dA(m)
.

4. The last two items are easy, well known, and left to the reader. �

4.3 The Reach of a Subset

Following Federer [42], we give the following definition.

Definition 11.

1. Let A be a subset of E
N and a ∈ A. We denote by reach(A,a) the supremum of

real numbers r such that every point of the ball of radius r and center a has a
unique projection onto A (realizing the distance dA(m) from m to A):

reach(A,a) = sup{r ∈ R for which {m : d(m,a) < r} ⊂UA}.

2. The reach of A is the real number

reach(A) = inf
a∈A

reach(A,a).

In other words, reach(A) is the supremum of real numbers r ≥ 0 such that the
orthogonal projection onto A is defined in the tubular neighborhood of radius r.



4.3 The Reach of a Subset 53

For instance, the reach of a circle C of radius r is r since every point of E
2 except

the center O has a unique orthogonal projection onto C (Fig. 4.7).

Remarks

• If γ is a smooth curve in E
2 and x ∈ γ , then for all a ∈ A,

kareach(A,a) ≤ 1, (4.4)

where ka is the curvature of γ at the point a.
• If S is a smooth surface in E

3 and x ∈ S, then for all a ∈ A,

|h|areach(A,a) ≤ 1, (4.5)

where |h|a denotes the norm of the second fundamental form of S at a.
• The example given in Fig. 4.8 shows that the previous inequalities may be strict.

The reason is that the curvatures of smooth objects are local geometric invariants.
However, the reach is both a local and a global invariant.

• Of course, convex sets have an infinite reach (Fig. 4.9).
• Conversely, the reach of a polygonal line with more than one edge is null

(Fig. 4.10).
• If the reach of a subset A is r, then every point belonging to the tube of A of radius

r has a unique projection onto A (realizing the distance from a to A) (Fig. 4.11).

Fig. 4.7 The reach of a circle
of radius r is r

C

O r

m

m

pr(m)

pr(m)

Fig. 4.8 The reach of the
curve γ at the point a is l

2 . It is
smaller than the inverse of the
curvature of γ at this point,
since the curvature at a is 0

γ

a

l
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Fig. 4.9 Any point in E
N

has a unique projection on
the convex subset C; conse-
quently, the reach of C is +∞

pr(m1)

pr(m3)

pr(m2)

m1 m2

m3

C

Fig. 4.10 The reach of this
polygonal line P in E

2 is
null since every point of the
bisector has two orthogonal
projections on P

m

pr(m)pr(m)

P

r(C)

r(C)

r(C)

m

m’

m"

m1

pr(m1)

pr(m2)

C

m2

Fig. 4.11 If C is an ellipse in the plane, UC = E
2\D is a tubular neighborhood of C, where D is

the segment joining the two foci. The reach r(C) of C is the distance between one focus and C
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Fig. 4.12 A Voronoi diagram
in E

2

4.4 The Voronoi Diagrams

If A is a finite subset of E
N , one can associate to A a partition of E

N , formed with
help of the distance function. We summarize this construction. Suppose that A =
{p1, . . . , pk}. To each pi, we associate its Voronoi region Vor(pi), i.e.,

Vor(pi) = {x ∈ E
N : |x− pi| ≤ |x− p j|,∀ j ≤ k}.

Here, Vor(pi) is the intersection of the k − 1 half-spaces bounded by the bisector
planes of pi and each of the other points of A. Note that Vor(pi) is a convex polytope.

Definition 12. The Voronoi diagram Vor(A) of A is the cell complex whose N-cells
are the Voronoi regions (Fig. 4.12).

4.5 The Medial Axis of a Subset

Two important tools in surface reconstruction are the medial axis and the local fea-
ture size, much related to the reach. We can define them in full generality.1

Definition 13. Let A be a subset of E
N . The medial axis Med(A) of A is the closure

of the set of points which have at least two closest points on A.

Definition 14. The local feature size lfs(a) at a point a ∈ A is the distance of a from
the medial axis of A.

1 There is no uniform definition of these notions in the literature. We give here the simplest one.
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y

AMed(A)

pr (y)

pr (x)

x

Fig. 4.13 Any point on the medial axis has at least two orthogonal projections. One has lfs(x) =
|x−pr(x)|, lfs(y) = |y−pr(y)|

In other words, using the notion of reach introduced above, one has

lfs(a) = reach(A,a).

Note that if A is finite, the medial axis of A is nothing but the boundary of the
Voronoi regions associated to A (Fig. 4.13).

Using the triangle inequality, one proves immediately the following theorem.

Theorem 13. Let A be a subset of E
N, let a ∈ A, and let x and y be two points of A.

Then
|lfs(x)− lfs(y)| ≤ |x− y|.

Indeed,

lfs(x) = |x−pr(x)| ≤ |x−pr(y)| ≤ |x− y|+ |y−pr(y)|,

from which Theorem 13 follows.



Chapter 5
Elements of Measure Theory

The goal of this book is to associate to a large class of subsets of E
N a signed mea-

sure which allows us to evaluate their geometry. In many cases (convex subsets and
smooth subsets), one tool is the computation of the volume of tubular neighbor-
hoods. That is why measure theory is indispensable in our context. We summarize
in this chapter the main constructions and results on outer measures, measures, and
signed measures ([43, 53, 63] are the basic references).

5.1 Outer Measures and Measures

Although we deal with E
N , we begin in a very large framework, defining measures

on any set X . Let P(X) be the collection of subsets of X .

5.1.1 Outer Measures

An outer measure µ on the set X is a map

µ : P(X) → R
+

such that:

• The empty set /0 has measure 0:

µ( /0) = 0.

• If A ⊂ B, then
µ(A) ≤ µ(B). (5.1)

57
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• µ is countably subadditive, i.e., it satisfies, for any countable family of disjoint
elements of P(X),

µ(∪n∈N
An) ≤ ∑

n∈N

µ(An). (5.2)

5.1.2 Measures

• Let X be a set. A σ -algebra A of X is a family of subsets of X , which contains
the empty set /0 and which is closed under countable unions and complements.
This implies in particular that A is also closed under countable intersections and
differences. The couple (X ,A) is called a measurable space.

• A measure µ on the σ -algebra A is a map

µ : A→ R
+

such that:

– The empty set /0 has measure 0:

µ( /0) = 0.

– µ is countably additive, i.e., it satisfies, for any countable family of disjoint
elements of A,

µ(∪n∈N
An) = ∑

n∈N

µ(An). (5.3)

In particular, this implies that:

– For every A and B in A,

µ(A∪B) = µ(A)+µ(B)−µ(A∩B). (5.4)

– If A ⊂ B, then
µ(A) ≤ µ(B). (5.5)

We say that the triple (X ,A,µ) is a measure space and the elements of A are
µ-measurable.

• Let P be a property on the point x of (X ,A,µ). We say that P is true µ-almost
everywhere if there exists A ∈A of null measure (µ(A) = 0), such that the points
x which do not satisfy the property P belong to A.

5.1.3 Outer Measures vs. Measures

There are two main differences between outer measures and measures on a set X :

1. An outer measure measures any subset of X , but is only countably subadditive.
2. A measure is countably additive, but it can only measure the subsets which be-

long to a σ -algebra of X .
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Of course, the best situation is the case of a space X endowed with a measure
defined on P(X). This is always possible (for instance, taking the null measure),
but it becomes often impossible if one needs particular interesting properties of the
measure, in particular in E

N (see Sect. 5.3). However, from any outer measure, one
can define a measure on a suitable σ -algebra. This construction can be done as
follows.

Let X be a set endowed with an outer measure µ∗. A subset A of X is µ∗-
measurable if, for all B ⊂ X ,

µ∗(B) = µ∗(B∩A)+µ∗(B\A).

We denote by Mµ∗ the collection of all µ∗-measurable subsets of X .
The following result shows that “the restriction of µ∗ to Mµ∗” is a measure. In

particular, if A and B belong to Mµ∗ ,

µ(A∪B) = µ(A)+µ(B)−µ(A∩B). (5.6)

Theorem 14. Let X be a set endowed with an outer measure µ∗. Then:

• The collection Mµ∗ of all µ∗-measurable subsets of X is a σ -algebra.
• The restriction of µ∗ to Mµ∗ is a measure on Mµ∗ .

5.1.4 Signed Measures

The previous context allows us to define the classical N-volume in E
N as a Borel

measure on E
N . The curvature measures introduced in this book are not strictly

speaking measures, since they may be negative on some Borel subsets of E
N . That

is why we must generalize slightly the concept of measure, by introducing signed
measures1 on E

N .

Definition 15. A signed measure µ on a σ -algebra A of X is a map

µ : A→ R,

which is countably additive, i.e., such that for any countable family of disjoint ele-
ments of A:

• The empty set has measure 0:
µ( /0) = 0.

• The series ∑n∈N
µ(An) converges.

•
µ(∪n∈N

An) = ∑
n∈N

µ(An). (5.7)

Note that a bounded measure is a signed measure, but the converse is wrong in
general.

1 Some authors simply use the term measure instead of signed measure. This can be done if no
confusion is possible.
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5.1.5 Borel Measures

Suppose now that X is a topological space. The smallest σ -algebra B containing the
open sets of X is called the Borel σ -algebra and its elements are called the Borel
sets:

• An outer measure µ on X is said to be Borel regular if Borel sets are
µ-measurable and every subset of X is contained in a Borel set of the same
µ-measure.

• Any measure defined on the Borel σ -algebra B is called a Borel measure.

5.2 Measurable Functions and Their Integrals

5.2.1 Measurable Functions

• Let (X ,A) be a measurable space. A function

f : X → R

is measurable if the inverse image by f of any open subset of R belongs to A. In
particular, if A is a measurable subset of X , the characteristic function χA of A,
defined by

χA(x) =

{
1 if x ∈ A,
0 if x /∈ A,

is measurable.

Remark The notion of measurable function can be extended to the case of a set
X endowed with an outer measure µ . The definition is modified as follows: a
function

f : X → R

is measurable if the inverse image by f of any open subset of R is a µ-measurable
subset of (X ,µ).
In the following, we shall essentially deal with measurable functions on a mea-
sure space (X ,A,µ). The reader will adapt the results to the case of a set endowed
with an outer measure.

• We say that a measurable function f on (X ,A,µ) is simple if it takes only a finite
number of values (αi,1 ≤ i ≤ n). In this case, f−1(αi)(1 ≤ i ≤ n) belongs to A.
Conversely, if (A1, ...,An) is a (finite) sequence of A and (α1, ...,αn) is a sequence
of real numbers, one can define the simple measurable function

s =
n

∑
1
αiχAi .
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We denote by S (resp., S+) the set of all simple functions (resp., the set of non-
negative simple functions) on X .

Let f be a nonnegative measurable function on (X ,A,µ). Then, it can be
proved that there exists an increasing sequence (sn)n∈N of nonnegative simple
measurable functions such that

∀x ∈ X , lim
n→∞

sn(x) = f (x).

5.2.2 Integral of Measurable Functions

We can now define the integral of a nonnegative measurable function. We shall re-
strict our attention to a measure space (X ,A,µ); the reader will adapt the definition
to a set endowed with an outer measure. We begin with the integral of a simple
nonnegative function.

• Let (Ai ∈ A,1 ≤ i ≤ n) and (αi,1 ≤ i ≤ n) be nonnegative real numbers. Let
s = ∑n

1αiχ(Ai) ∈ S+ be the corresponding nonnegative simple function. We put

∫
sdµ =

n

∑
i=1

αiµ(Ai).

Here,
∫

sdµ is called the integral of s with respect to µ . It can be checked that∫
sdµ is independent of the decomposition of s and that

∫
is linear and increasing

on S+.
• If f is any nonnegative measurable function on (X ,A,µ), we put

∫
f dµ = sup

∫
sdµ ,s ∈ S+,s ≤ f .

• If f is any measurable function on (X ,A,µ), we define for every x ∈ X

f +(x) = max( f (x),0)
f−(x) = −min( f (x),0).

Then, f + and f− are measurable and

f = f + − f−.

If
∫

f +dµ and
∫

f−dµ are both finite, we say that f is integrable and we define
∫

f dµ =
∫

f +dµ−
∫

f−dµ .

• If A is measurable and f is integrable, then χA f is integrable and we define
∫

A
f dµ =

∫
χA f dµ .
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• If the reference to the measure is clear, we can simplify the notation by writing
∫

f dµ =
∫

f ;

if the reference to the variable x in X is necessary, we write (using classical
notations) ∫

f dµ =
∫

f (x)dµ(x) =
∫

f (x)dx.

The main property of
∫

is its linearity over R. Moreover, it is an increasing func-
tion: if f and g are measurable functions on (X ,A,µ),

f ≤ g ⇒
∫

f dµ ≤
∫

gdµ .

The R-vector space of integrable (real) functions on (X ,A,µ) is denoted by
L(X ,A,µ), or L(X) if no confusion is possible. The main tools of integration the-
ory are convergence theorems. We cannot enumerate them all in our context (Beppo
Levi’s theorem, Fatou’s lemma, etc.), and we only mention one of the most famous
results, Lebesgue’s dominated convergence theorem.

Theorem 15. Let (X ,A,µ) be a measure space. Let g be a nonnegative integrable
function and ( fn)n∈N

be a sequence of measurable functions on X such that

lim
n→∞

fn(x) = f (x)

for almost every x ∈ X. Suppose that, for almost every x ∈ X and every n ∈ N,

| fn(x)| ≤ g(x).

Then, for every n ∈ N, fn is integrable, f is integrable, and

lim
n→∞

∫
fndµ =

∫
f dµ .

5.3 The Standard Lebesgue Measure on E
N

The purpose of this book being to assign to suitable subsets of E
N real numbers

which measure their “shape” and satisfy such natural conditions as the inclusion–
exclusion principle (see (1.2) in the introduction), consequence of an additivity
property of an underlying measure, we need to use the classical measure in E

N , i.e.,
the Lebesgue measure. Here, we would like to point out the difficulty of a coherent
construction, due to the fact that one imposes the additivity. In fact, it is tempting to
build a theory, in which one can assign a (non-null) “natural volume” to each subset
of E

N which is both additive and invariant under rigid motion. However, it appears
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that this is impossible: for instance for N = 3, using the axiom of choice, one can
prove that there does not exist any function

µ : P(E3) → R
+∗,

additive and invariant under rigid motion, and such that µ([0,1]3) = 1. This leads to
the construction of the Lebesgue measure on E

N .2

5.3.1 Lebesgue Outer Measure on R and E
N

• We first define the outer measure

L∗ : P(R) → R̄
+

on R as follows. If A is any subset of R, DA denotes the family of bounded open
intervals ]ai,bi[ such that A ⊂ ∪∞

i ]ai,bi[. We put

∀A ∈ P(R),L∗(A) = inf
]ai,bi[∈D(A)

∑
i
(bi −ai).

It is easy to check that L∗ is an outer measure on R such that the measure of any
interval is its usual length.

• This construction can be generalized to E
N . We call a parallelotope P the product

of N intervals I1 × ...× IN . We define the N-volume VolN(P) of P as the product
l1...lN of their lengths li,1 ≤ i ≤ N:

VolN(P) = l1...lN . (5.8)

If A is any subset of E
N , DA denotes now the family of bounded open parallelo-

topes Pi such that A ⊂ ∪∞
i Pi. We put

LN∗
(A) = inf

Pi∈DA
∑

i
VolN(Pi).

The map LN∗
is an outer measure on E

N such that the measure of any paral-
lelotope is its usual N-volume. This outer measure is called the Lebesgue outer
measure on E

N . Of course, one can identify R and E
1, L∗ and L1∗ .

In some sense, there is only one outer measure with “good” properties on E
N : it

is the Lebesgue outer measure. This result can be formalized as follows.

Theorem 16. The Lebesgue outer measure LN is the unique Borel regular
translation-invariant outer measure on E

N, which assigns 1 to the unit N-cube.

2 We do not cover the extremely important Banach–Tarski paradox, beyond the scope of this book,
see [80] for instance.
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5.3.2 Lebesgue Measure on R and E
N

Let MLN∗ be the σ -algebra of all LN∗
-measurable sets. It can be checked that every

Borel subset of E
N is LN∗

-measurable, i.e.,

B ⊂MLN∗ ,

where B denotes the collection of all Borel subsets of E
N (in other words, LN∗

is
Borel regular). The restriction of the outer measure LN∗

to MLN∗ (resp., to B) is
a measure which will be called the Lebesgue measure LN on (EN ,MLN∗ ) (resp.,
(EN ,B)).

A function f on E
N is called Lebesgue measurable (resp., Borel measurable), if

the inverse image of any open subset of R is LN∗
-measurable (resp., a Borel subset

of E
N).

As for outer measure, the Lebesgue measure is the only one which has “good
properties.” This can be stated as follows.

Theorem 17. The Lebesgue measure LN is the only translation-invariant measure
on (EN ,B), which assigns 1 to the unit N-cube.

The Lebesgue measure on (EN ,B) is regular in the following sense:

• The Lebesgue measure of any compact subset of E
N is finite.

• For every measurable subset A, LN(A) = inf{LN(U) : A ⊂U,U open}.
• For every open subset U , LN(U) = sup{LN(K) : K ⊂U,K compact}.

Analogous results are true for the Lebesgue measure on (EN ,MLN ∗ ).

Important Notation Usually, if A is any Borel subset of E
N , LN(A) is called the

N-volume of A (or simply the volume of A if no confusion is possible), also denoted
by VolN(A) (or simply Vol(A) if no confusion on the dimension is possible):

LN(A) = VolN(A) = Vol(A)

(if N = 2 it is the area of A and, if N = 1, the length of A).

5.3.3 Change of Variable

In this section, we give the classical theorem of change of variable in a general
setting (see [43]). First of all, we need to define the k-Jacobian Jk f of a differentiable
map f : E

n → E
p:

• When n = p, this definition is the classical one.
• If f is linear, the k-Jacobian Jk f of f is the maximal k-dimensional volume of

the image of a k-dimensional cube.
• If f is differentiable at a, then Jk f (a) is the k-Jacobian of D f (a).
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If no confusion is possible, we simplify the notation, writing

Jk f (a) = Jf .

The classical theorem of change of variable can be stated as follows. We set it in
(En,B,Ln).

Theorem 18. Let f be a differentiable one-to-one map of an open set U of E
n onto

a bounded open set V of E
n. If f−1 is continuous, then:

1. For every Borel measurable function g : E
n → R, the function

φ : U → E
n

defined by
φ(x) = g[ f (x)]J( f )(x)

is Borel measurable.
2. Moreover, ∫

V
g(y)dLn

y =
∫

U
g[ f (x)]J( f )(x)dLn

x , (5.9)

where Ln
x (resp., Ln

y) denotes the Lebesgue measure with respect to the variable
x (resp., y).

5.4 Hausdorff Measures

There are much more general (outer) measures on E
N . They are the Hausdorff mea-

sures Hk, 1 ≤ k ≤ N [43]. Their definitions use the standard metric on E
N and the

Lebesgue measure bk of the unit ball of E
k. They are intimately related to the notion

of dimension of a subset of E
N .

For each nonnegative number k, the k-Hausdorff measure Hk is defined as fol-
lows: if A is any subset of E

N ,

Hk(A) = lim
δ→0

inf
A⊂∪Pj ,diam (Pj)≤δ

∑bk(
diam Pj

2
)k.

The infimum is taken over all countable families (Pj) which cover A, and whose
elements Pj have diameter less than δ (Fig. 5.1).

This definition is not so easy to understand. Let us emphasize on some remark-
able properties:

• k may be any nonnegative real number (the measure is called fractal if k is not
an integer).
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Fig. 5.1 Here is a covering
of a plane curve c by a finite
set of (full) ellipses and
discs of diameter less than
δ . The length of c equals its
Hausdorff measure H1(c)

δ

• A nontrivial fact is that HN and LN coincide on the Borel σ -algebra B:

HN(A) = LN(A) = VolN(A),

for any A belonging to the Borel σ -algebra B.
• In particular, if γ is a (compact) smooth curve of E

N , its length (in the sense of
Sect. 2.1) coincides with its 1-Hausdorff measure. This property can be general-
ized to any submanifold of E

N (see Sect. 11.2).

5.5 Area and Coarea Formula

The formula of change of variable (5.9) can be improved by using both Lebesgue
and Hausdorff measures. If A is any subset of E

n and y is any point of E
p, we put

i( f|A,y) = card {x ∈ A : f (x) = y}.

Theorem 19. (The Area Formula) Let f : E
n → E

p(n ≤ p) be a Lipschitz map:

1. If A is any measurable subset of E
n, then

∫

A
Jn( f )(x)dLnx =

∫

E
p i( f|A,y)dHny. (5.10)

2. If g is any integrable function on E
n,

∫

E
n g(x)Jn( f )(x)dLnx =

∫

E
p ∑

x∈ f−1(y)

g(x)dHny. (5.11)

Theorem 20. (The Coarea Formula) Let f : E
n → E

p(n > p) be a Lipschitz map.
If A is any measurable subset of E

n, then
∫

A
Jp( f )(x)dLnx =

∫

E
p H

n−p(A∩ f−1(y))dLpy. (5.12)
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5.6 Radon Measures

Using the topology of E
N (in particular, the fact that it is locally compact), one can

specify particular signed measures with help of Borel subsets with compact closure.

Definition 16. A Radon measure denotes a countably additive function

µ : CB → R,

where CB denotes the class of Borel subsets with compact closure.

In our context, the curvature measures to be introduced will be Radon measures.

5.7 Convergence of Measures

Since our goal in this book is to obtain convergence and approximation of curvature
measures, we need to introduce the more general notion of convergence of measures.
For simplicity, we only mention here the weak convergence of a sequence of finite
(signed) measures defined on (EN ,B). Let us denote by Cb(EN) the set of bounded
continuous functions on E

N and by Cc(EN) the set of continuous functions with
compact support on E

N .

Definition 17. Let (µn)n∈N
be a sequence of (signed) measures (resp., Radon mea-

sures) defined on (EN ,B) and let µ be a (signed) measure (resp., Radon measure)
defined on (EN ,B) (resp., (EN ,CB)). The sequence (µn)n∈N

weakly converges to µ
if, for all functions f ∈Cc(EN),

lim
n→∞

∫

E
N f dµn =

∫

E
N f dµ . (5.13)

This convergence is called the weak-* convergence by some authors (see [4] for
instance).

Note that if a sequence (µn)n∈N
weakly converges to µ , this does not imply in

general that, for every Borel subset B,

lim
n→∞

µn(B) = µ(B).

However, when (µn)n∈N
and µ are measures in the sense of Sect. 5.1.2, and if the

µ-measure of the (topological) boundary of B is null, one has the following classical
result.

Theorem 21. Let (µn)n∈N
be a sequence of bounded measures3 on (EN ,B), which

converges to a bounded measure µ in the following sense: for all functions f ∈
Cb(EN),

3 That is, for all n ∈ N, µn : B → R
+ is a measure in the sense of Sect. 5.1.2.
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lim
n→∞

∫

E
N f dµn =

∫

E
N f dµ . (5.14)

Then for every B ∈ B such that µ(∂B) = 0:

lim
n→∞

µn(B) = µ(B).

Unfortunately, Theorem 21 cannot be extended to the class of signed measures.



Chapter 6
Polyhedra

Although one could give a general abstract theory of polyhedra, we prefer to restrict
our attention to subsets of E

N .

6.1 Definitions and Properties of Polyhedra

We say that (n + 1) points of E
N are geometrically independent if they span an

affine n-dimensional subspace of E
N . Let (v0,v1, ...,vn) be (n + 1) geometrically

independent points. The n-simplex spanned by (v0,v1, ...,vn) is the convex hull of
(v0,v1, ...,vn), i.e., the set σn of all points x ∈ E

N which can be written as

x =
n

∑
i=0

tivi, where
n

∑
i=0

ti = 1. (6.1)

A simplex is obviously convex. Let us now recall standard definitions:

• The integer n is the dimension of σn.
• The points v0,v1, ...,vn are called the vertices of σn.
• A simplex spanned by a subset of v0,v1, ...,vn is a face of σn.
• The union of the faces of σn of dimension k < n defines the boundary ∂σn of

σn.
• The interior int(σ) of σ is the set σ\∂σ .
• Usually, 1-simplices σ1 are called edges and denoted by the letter e.
• Usually, 2-simplices σ2 are called triangles and denoted by the letter t.

Note that an n-simplex is homeomorphic to a (closed) ball B
n, the homeomor-

phism sending the boundary of σ onto the boundary of B
n (Fig. 6.1).

We can now define the notion of simplicial complex.

71
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1−simplex 2−simplex 3−simplex

Fig. 6.1 1,2,3-simplices in E
3

Fig. 6.2 A two-dimensional
simplicial complex

Definition 18. A simplicial complex C in E
N is a union of simplices of E

N such
that:

• Every face of a simplex of C lies in C.
• The intersection of any two simplices of C is either empty or a face of each of

them.

The dimension of C is the maximum of the dimensions of its simplices.

Note that a simplicial complex admits a natural topology.
This book will make use of different kinds of polyhedra (essentially polyhedra

endowed with a triangulation). There are many different possible definitions (de-
pending on the goal of the author). Let us give some general ones.

Definition 19.

• A triangulation of a topological space X is a pair (C,h), where C is a simplicial
complex and h is an homeomorphism between C and X .

• A polyhedron embedded in E
N is a simplicial complex of E

N homeomorphic to
a (piecewise linear) topological manifold (with or without boundary).

For instance, the simplicial complex of Fig. 6.2 is not a polyhedron, since it is
not homeomorphic to a topological manifold.

Remark that (Fig. 6.3):

• By Definition 19, any polyhedron admits triangulations.
• A polyhedron in E

N admits a piecewise linear flat metric, since each of its faces
is a portion of an affine (flat) subspace of E

N .

We give the following definition.
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Fig. 6.3 A two-dimensional
polyhedron in E

3 without
boundary

Fig. 6.4 The small black
spherical triangle is the basis
of the normal cone L(e,σ3)
at q

q

σ3

e

Definition 20. Let σ l be an l-dimensional face of a k-simplex σ k (l < k). Let q ∈
int(σ l). The following notions are independent of q:

1. The normal cone C⊥(σ l ,σ k) to σ l relative to the interior of σ k is defined as
follows:

C⊥(σ l ,σ k) = {x ∈ int(σ k) : �qx ∈ σ l⊥}.

2. The basis of the normal cone C⊥(σ l ,σ k) to σ l is

L(σ l ,σ k) = C⊥(σ l ,σ k)∩S
k−l−1,

where S
k−l−1 is the unit sphere centered at q (Fig. 6.4).

3. The internal dihedral angle ˜(σ l ,σ k) is the measure of L(σ l ,σ k) with respect to
the standard measure on S

k−l−1.
4. The normalized internal dihedral angle (σ l ,σ k) is the quotient of ˜(σ l ,σ k) by the

standard measure sk−l−1 of S
k−l−1:

(σ l ,σ k) =
˜(σ l ,σ k)
sk−l−1

.
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Fig. 6.5 The external dihedral
angle of this triangle at a
vertex v is the measure of the
black angular sector

t

v

5. The external dihedral angle ˜(σ l ,σ k)∗ is the measure of the subset of S
k−l−1 ob-

tained by intersecting S
k−l−1 with the half-lines whose origin is q, and making

an angle greater than π
2 with the interior of σ k (Fig. 6.5).

6. The normalized external dihedral angle (σ l ,σ k)∗ is the quotient of ˜(σ l ,σ k)∗ by
the standard measure sk−l−1 of S

k−l−1:

(σ l ,σ k)∗ =
˜(σ l ,σ k)∗

sk−l−1
.

This definition generalizes directly the angular defect for vertices of one- or two-
dimensional polyhedra of E

3, mentioned in Sect. 3.2.3.

6.2 Euler Characteristic

If C is a simplicial complex, the Euler characteristic χ(C) of C is the integer

χ(C) =∑
i
(−1)iαi(C), (6.2)

where αi(C) is the number of i-simplices in C. A simple computation shows that
χ(C) is independent of the decomposition of C into simplices (Fig. 6.6).

Fig. 6.6 The Euler character-
istic of this gray triangulation
C is χ(C) = 6−9+3 = 0



6.3 Gauss Curvature of a Polyhedron 75

6.3 Gauss Curvature of a Polyhedron

We introduce now the discrete notion of Gauss curvature of a polyhedron at each
vertex σ0, generalizing Definition 7. We shall see in the following chapters the
relations between this discrete notion and the classical Gauss (or total) curvature of
a smooth submanifold at a point.

Definition 21. If v is a vertex of a simplicial complex C, the Gauss curvature of v is
the real number

Gv =∑
i
(−1)i ∑

v∈σ i⊂C

(̃v,σ i)∗. (6.3)

Let us now show that this point of view is coherent with Sect. 3.4. Suppose that
P is a two-dimensional polyhedron of E

3 and v is a vertex of P. Let ti,1 ≤ i ≤ p, be
the triangles incident to v and αi be the angle of ti at v. Then1

Gv = 1− p
2

+
1

2π

p

∑
i=1

(π−αi),

i.e. (Fig. 6.7),

Gv =
1

2π
[2π−

p

∑
i=1

αi]. (6.4)

A discrete version of the Gauss–Bonnet theorem relates the Euler characteristic
of a simplicial complex C to the (normalized) exterior angles of the vertices of C [8].

Theorem 22. (Gauss–Bonnet Theorem) Let C be any simplicial complex (Fig. 6.8).
Then,

∑
v∈C

Gv = χ(C). (6.5)

Fig. 6.7 By definition, the
discrete Gauss curvature
Gv of this two-dimensional
polyhedron at the vertex v is

1
2π [2π−∑p

i=1αi]

v

αi−1
αi

1 This computation uses the values of the volumes of S
0 and S

1, given in Chap. 10. In particular,
the volume of S0 is 2, since S

0 is reduced to two points.
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Fig. 6.8 This is a reconstruc-
tion of a heart obtained by
the triangulation of a cloud
of points. This image is cour-
tesy of Herve Delingette,
I.N.R.I.A. Asclepios Team



Chapter 7
Convex Subsets

There is an abundant literature on convexity, crucial in many fields of mathemat-
ics. We shall mention the basic definitions and some fundamental results (without
proof), useful for our topic. In particular, we shall focus on the properties of the
volume of a convex body and its boundary. The reader can consult [9,71,74,79] for
details.

7.1 Convex Subsets

7.1.1 Definition and Basic Properties

Definition 22.

• A subset K of E
N is called convex if for all p and q in K, the segment [p,q] lies

in K (Fig. 7.1).
• A compact convex subset K of E

N is called a convex body if it has a nonempty
interior (Fig. 7.2).

• The boundary ∂K of a convex body K is called a convex hypersurface.

We shall denote by C (or C
E

N if we need to be more precise) the space of convex
subsets of E

N . We denote by Cb (resp., Cc) the space of convex bodies (resp., com-
pact convex subsets) of E

N . The space Cc, endowed with the Hausdorff metric, is a
complete metric space [9, Tome 3,12.9.1.2].

Proposition 1. Let (Kn)n∈N
be a sequence of convex subsets of E

N whose Hausdorff
limit is the subset K. Then, K is convex.

Moreover, any convex body of E
N can be approximated by compact convex poly-

hedra [9, Tome 3,12.9.2.1].

Proposition 2. Let K be a convex body of E
N. Then, K is the Hausdorff limit of a

sequence of compact convex polyhedra (Fig. 7.3).

77
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..
..

q
p

p
q

Fig. 7.1 The subset on the left is a convex subset of E
2, the one on the right is nonconvex

Fig. 7.2 A convex body K
in E

3

K

Fig. 7.3 A sequence of con-
vex subsets Kn in E

2 tending
to the (convex) ellipse E

2

K0

K

E

K2

K1

Kn

E

For our purpose, the orthogonal projection (with respect to the usual scalar prod-
uct of E

N) is one of the main tools. We mention here classical properties of this map
in the convex context. Basically, we need a deep study of two types of projection:

1. The first one is the projection of a convex subset onto an (affine) subspace of
E

N [9, Tome 2,9.11.6 and Tome 3].

Proposition 3. Let P be any vector (or affine) subspace of E
N and let K be a

convex subset of E
N. Then:

• The orthogonal projection pr(K) of K onto P is convex (Fig. 7.4).
• The map pr : C

E
N →CP is continuous for the Hausdorff topologies.
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Fig. 7.4 The projection of a
convex subset onto an affine
subspace is convex

P
pr(K)

K

Fig. 7.5 The point p has a
unique orthogonal projection
onto the convex subset K

pr(p)

pr

.

..

p

K

2. The second one is the projection of E
N onto a convex subset.

Proposition 4. Let K be a compact convex subset of E
N. Then every point of E

N

has a unique orthogonal projection onto K. This map is continuous on E
N and

differentiable on E
N \K (Fig. 7.5).

For details of the proofs, see [9].

7.1.2 The Support Function

Let us now introduce the support function of a convex body K of E
N (see [71,

Sect. 13] for instance). We denote by hK the support function of K, i.e., the map

hK : S
N−1 → R,

defined by
hK(ξ ) = maxm∈K < m,ξ > .
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Fig. 7.6 The support func-
tion. Here, hK(ξ ) =< m0,ξ >

mo

O

K

hK (ξ)

ξ

ξ

For every ξ ∈ S
N−1, K lies in one of the two half-spaces determined by the support

hyperplane (Fig. 7.6)

H = {m ∈ E
N :< m,ξ >= hK(ξ )}.

A convex body is completely determined by its support function (see [9, Tome 3,
11.5, p. 43] or [74, p. 38]). Moreover, if K and L are two convex bodies, then their
Hausdorff distance d(K,L) can be evaluated in terms of their support functions:

d(K,L) = sup
ξ∈S

N−1
|hK(ξ )−hL(ξ )|.

This implies the following proposition.

Proposition 5. The topology determined by the Hausdorff distance coincides with
the topology of uniform convergence of support functions on the class of (compact)
convex subsets of E

N.

7.1.3 The Volume of Convex Bodies

We shall concentrate on the restriction of the N-volume functional VolN to the class
Cc of compact convex subsets of E

N . As we have seen in Chap. 5, the volume defined
for subsets of E

N can be considered without distinction as the Lebesgue measure or
as the N-Hausdorff measure on E

N .
The N-volume functional is obviously not continuous on the class of compact

subsets of E
N endowed with the Hausdorff topology. A simple argument is to say

that, if X is a compact subset of E
N , the finite subsets of X are dense in the set

of compact subsets of X , endowed with the Hausdorff topology, and the N-volume
of each finite subset is null (see [9, Tome 2, Chap. 9] for instance). However, the
restriction of the N-volume to Cc is continuous for the Hausdorff topology.

Theorem 23. If Kn is a sequence of (compact) convex subsets whose Hausdorff limit
is the convex subset K, then

lim
n→∞

VolN(Kn) = VolN(K). (7.1)
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Fig. 7.7 A convex subset K
between two close polyhedra

P1

P2

K

Sketch of proof of Theorem 23 We apply the following result (whose proof is easy
and left to the reader). �

Lemma 2. If K is a compact convex subset of E
N and ε is a positive number, there

exist two polyhedra P1,P2 such that P1 ⊂K ⊂ P2 and

∂P1 ∩K = ∂P2 ∩K = /0,

satisfying (Fig. 7.7)
|VolN(P1)−VolN(P2)| ≤ ε. (7.2)

Now, let Kn be a sequence of compact convex subsets of E
N whose Hausdorff

limit is a compact convex subset K. Let ε > 0 with P1,P2 as before. If we choose p
large enough to ensure that d(K,Kp) ≤ η and P1 ⊂Kp ⊂ P2, then

|VolN(Kp)−VolN(K)| ≤ |VolN(P1)−VolN(P2)| ≤ ε. (7.3)

Then
lim
n→∞

VolN(Kn) = VolN(K).

For details, the reader can consult [9, Tome 3,12.9.3].

7.2 Differential Properties of the Boundary

We now deal with the (topological) boundary ∂K of a convex body of K of E
N .

By definition, ∂K is the subset of points belonging to the closure of K and to the
closure of the complement of K. Locally, ∂K is the graph of a Lipschitz function
defined over one of its support hyperplanes H. It can be proved that this function is
(convex and) twice differentiable LN−1-almost everywhere on H (see [1, 72]). We
deduce the following theorem.

Theorem 24. The boundary ∂K of a convex body K of E
N is LN−1-almost every-

where a twice differentiable hypersurface.
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Consequently, the boundary ∂K of a convex body K admits a unique outward
unit normal vector field ξ defined on an open subset U∂K of ∂K of full measure,1

on which it is continuous. Then, at each point m of U∂K, one can construct the
outward unit normal vector ξm and the normal line Lm to ∂K at m.

We mention (without proof) the classical theorem.

Theorem 25. Let Kn be a sequence of convex bodies of E
N whose Hausdorff limit is

the convex body K. Let m ∈U∂K and let mn be the sequence of points which are the
intersection of Lm with ∂Kn. If m ∈ U∂K (resp., mn ∈ U∂Kn for every n ∈ N), then
(with obvious notations)

lim
n→∞

ξmn = ξm.

7.3 The Volume of the Boundary of a Convex Body

If K is a convex body, Sect. 7.2 shows that there are many ways to compute the
(N −1)-volume of ∂K:

1. We can compute its (N −1)-Hausdorff measure HN−1(∂K), considering ∂K as
any subset of E

N .
2. We can avoid the points of ∂K which are not differentiable and compute the

(N −1)-volume of the resulting (smooth) hypersurface.
3. We can compute the supremum of the (N − 1)-volume of the boundary of the

compact convex polyhedral bodies included in K.
4. We can compute the infimum of the (N−1)-volume of the boundary of the com-

pact convex polyhedral bodies which contain K.

It appears that all these four quantities coincide. It is the (N − 1)-volume
VolN−1(∂K) of ∂K. This result is not trivial, beyond the scope of this book [9,
Tome 2 and 3].

Let us focus our attention on two properties of the boundary of a convex body:

1. The first asserts that one can approximate the (N − 1)-volume of the boundary
∂K of a convex body K by the (N−1)-volume of the boundary of another convex
body “close to it.”

2. The second asserts that one obtains the (N −1)-volume of the boundary ∂K of a
convex body K by integration over all hyperplanes H of the (N − 1)-volume of
the projection of K onto H.

Let us now be more precise:

1. A convergence result

Theorem 26. Let Kn be a sequence of convex bodies of E
N whose Hausdorff

limit is the convex body K. Then

1 That is, such that the (N −1)-volume of U∂K equals the (N −1)-volume of ∂K.
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lim
n→∞

VolN−1(∂Kn) = VolN−1(∂K).

Note that this result is wrong if the Kn are not convex (see the example of the
Lantern of Schwarz in Sect. 3.1.3).
Sketch of proof of Theorem 26 Using the area formula (see Theorem 19), this
result can be deduced from Theorem 25: consider the orthogonal projection prn
of Kn onto K. Its Jacobian Jn tends to 1 when n tends to infinity. Consequently,

lim
n→∞

VolN−1(∂Kn) = lim
n→∞

∫

Kn

dvKn =

lim
n→∞

∫

K
JndvK =

∫

K
dvK = VolN−1(∂K).

Another direct way is to use the definition of the (N − 1)-volume in terms of
supremum (or infimum) of polyhedra included in (or containing) K. See also [9,
Tome 3, 12.10]. �

2. An integral formula
The Cauchy formula relates the (N − 1)-volume of ∂K and the (N − 1)-volume
of the projections of K onto hyperplanes of E

N (see [73, Chap. 13] for details).
The formula can be stated as follows.

Theorem 27. (Cauchy Formula) Let K be a convex body of E
N. Then

VolN−1(∂K) =
1

(N −1)sN−1

∫

ξ∈S
N−1 VolN−1(KPξ⊥

)dξ , (7.4)

where K
Pξ⊥

denotes the orthogonal projection of K onto the hyperplane ξ⊥.

Of course, using the twofold covering of S
N−1 onto the Grassmann manifold

G(N,N − 1) of (unoriented) (N − 1)-subspaces of E
N , one can integrate over

G(N,N − 1), endowed with its standard invariant Haar measure (see Chap. 10).
Since the volume of G(N,N −1) is one half the volume of S

N−1, one obtains

VolN(∂K) =
2

(N −1)sN−1

∫

G(N,N−1)
VolN−1(KPN−1)dvG(N,N−1), (7.5)

where KPN−1 denotes the projection of K onto the hyperplane PN−1.

Sketch of proof of Theorem 27

• This theorem is easy to prove for a convex polyhedron K:

(a) In fact, almost every (N − 1)-hyperplane P of E
N is transversal to the

boundary of K. The sum of the volumes of the projections of the (N −1)-
faces f of the boundary of K onto P equals twice the volume of the projec-
tion of K onto P. Then we have

∑
f

VolN−1(prP f ) = 2VolN−1(prPK). (7.6)
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(b) Note that, for every (N −1)-face f of ∂K, we have

VolN−1(prP f ) = | < ξ ,ν > |VolN−1( f ), (7.7)

where ξ is a unit vector normal to P and ν is a unit vector normal to f .
Then ∫

G(N,N−1)
VolN−1(KPN−1)dvG(N,N−1)

=
1
2∑f

VolN−1( f )
∫

ξ∈S
N−1 | < ξ ,n f > |dv

S
N−1 .

(c) We conclude by using the twofold covering of G(N,N −1) onto S
N−1 and

using the well-known following equality: for any fixed unit vector ν ,
∫

ξ∈S
N−1 | < ξ ,ν > |dv

S
N−1 = 2(N −1)sN−1, (7.8)

where sN−1 denotes the (N −1)-volume of S
N−1.

• We extend this formula to any convex body by continuity of the (N − 1)-
volume function over the convex subsets of E

N , using Theorem 26: let K be
a convex body of E

N and let (Kn)n∈N
be a sequence of convex bodies with

polyhedral boundaries whose Hausdorff limit is K. Then, for every hyperplane
PN−1 of E

N ,
lim
n→∞

VolN−1(KnPN−1 ) = VolN−1(KPN−1).

On the other hand,

lim
n→∞

VolN−1(∂Kn) = VolN−1(∂K),

from which we deduce Theorem 27 in the general case. �

7.4 The Transversal Integral and the Hadwiger Theorem

A general introduction to valuations can be found in [56] and an introduction to the
integral geometry of convex sets can be found in [73, Chap. 13] with all details.2

7.4.1 Notion of Valuation

We restrict our attention to the set Cc of compact convex subsets of E
N .

2 The indexing conventions are different in these two books. This may induce confusion for the
reader.
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Definition 23. A valuation on Cc is a map

Φ : Cc → R,

such that:

• For all A,B ∈ C such that A∪B is convex,

Φ(A∪B) = Φ(A)+Φ(B)−Φ(A∩B).

• Φ( /0) = 0.

Note that the N-volume defines a valuation on Cc as well as the (N −1)-volume
of the boundary. We have seen that the (N−1)-volume of the boundary of a compact
convex subset of E

N can be expressed via the Cauchy formula (Theorem 27) as an
integral on a suitable Grassmannian manifold. We shall see in Sect. 7.4.2 that all the
valuations on Cc can be obtained in such a way.

7.4.2 Transversal Integral

We introduce particular valuations called the transversal integral. They are the inte-
gral of the volume of the projections of a convex body over G(N,k) (where G(N,k)
denotes the Grassmannian of (unoriented) k-planes in E

N , endowed with its standard
Haar measure).

Definition 24. Let K be a convex subset of E
N . Let PN−k be any (N − k)-vector

subspace of E
N . Let KPN−k be the orthogonal projection of K onto PN−k. The kth-

transversal integral of K (1 ≤ k ≤ N) is the real number

Wk(K) = c(N,k)
∫

G(N,N−k)
VolN−k(KPN−k)dvG(N,N−k), (7.9)

with

c(N,k) =
(N − k)

N
sk...s0

sn−2...sN−k−1

(si denoting the i-volume of the unit i-dimensional sphere).

By convention, we put W0(K) = Vol(K). Note that NW1(K) is the (N − 1)-
volume of the boundary of K. Moreover, the Wk satisfy the following properties.

Proposition 6. For every k,0 ≤ k ≤ N:

• Wk is a valuation on Cc.
• Wk is invariant under rigid motions.
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• Wk is continuous on Cc for the Hausdorff topology.
• Wk is homogeneous of degree N − k, i.e.,

∀α ∈ R,Wk(αK) = αN−k
Wk(K).

The proof is easy and left to the reader. However, we need to insist on the fact
that the continuity property is a consequence of the continuity of the volume in Cc
for the Hausdorff topology.

7.4.3 The Hadwiger Theorem

The crucial point is now the following result [55, 9.1.1].

Theorem 28. of Hadwiger The valuations (Wk)0≤k≤N (defined on the class Cc of
compact convex subsets of E

N) form a basis of the vector space of all valuations
on Cc, continuous for the Hausdorff topology and invariant under rigid motions.
Moreover, if Φ is any valuation on Cc continuous for the Hausdorff topology, invari-
ant under rigid motions, and homogeneous of degree N − k, then there exists a real
number c such that Φ = cWk.

The proof of Theorem 28 is a consequence of the following result.

Proposition 7. Let Φ be any continuous valuation invariant under rigid motions on
Cc. If Φ is null on all (compact) convex bodies with empty interior, then Φ is propor-
tional to the volume, i.e., there exists a constant λN such that for every (compact)
convex body K,

Φ(K) = λNVol(K).

Sketch of proof of Proposition 7 The proof is long and technical. Let us only give
an idea. Consider the unit cube [0,1]N . Put

Φ([0,1]N) = λN .

Using the additivity of the valuation Φ, we see easily that

Φ([0,1/k]N) = k−NλN .

It remains to deduce that
Φ(B) = λNvol(B)

for any box B and then that
Φ(K) = λNvol(K)

for any convex body. The difficulty comes from the fact that convexity is not stable
by union. The reader can consult [56, Theorem 8.1.4 and Chap. 9] for details. �
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Using Proposition 7, Theorem 28 can be proved by induction: let Φ be any con-
tinuous valuation invariant under rigid motions on the set of convex bodies of E

N .
Let P be any hyperplane of E

N and denote by Φ|P the restriction of Φ to P. If C is
any convex body of P, then by assumption

Φ|P(C) =
N−1

∑
i=1

λiΦi(C).

Consider now the map

Φ−
N−1

∑
i=1

λiΦi

as a valuation invariant under rigid motions on the set of all convex subsets of E
N . It

is clear that the (continuous) valuation Φ−∑N−1
i=1 λiΦi is null for any convex subset

of E
N which is not a body. Since Φ−∑N−1

i=1 λiΦi is continuous, we deduce that
(Φ−∑N−1

i=1 λiΦi) is proportional to the volume ΦN of E
N :

Φ−
N−1

∑
i=1

λiΦi = λNΦN .

This implies that

Φ =
N

∑
i=1

λiΦi.

Remark It is interesting to note that Klain [55] proved in 1995 that Theorem 28 and
Proposition 7 are actually equivalent.

As an application of the Hadwiger theorem, we can deduce the Kubota formula
(see [73, p. 217] or [55, p. 126]).

Theorem 29. (Kubota Formula) Let K be a convex body of E
N. Then

Wk(K) =
2(N −1)

nsN−2

∫

G(N,N−1)
Wk−1(KPN−1)dvG(N,N−1). (7.10)

Noting that S
N−1 is a twofold covering of G(N,N−1), Theorem 29 can be stated

as follows:

Wk(K) =
(N −1)
nsN−2

∫

ξ∈S
N−1 Wk−1(Kξ⊥)dξ . (7.11)

Proof of Theorem 29 The map

V : Cc → R

defined by

V(K) =
∫

G(N,N−1)
Wk−1(KPN−1)dPN−1
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is continuous (for the Hausdorff topology), invariant under rigid motions, and ho-
mogeneous of degree N − k. Then, we can apply Theorem 28, which shows that V
is proportional to Wk. The constant of proportionality can be computed explicitly
by testing the formula on a ball. �



Chapter 8
Differential Forms and Densities on E

N

Curvature measures will be defined by integrating differential forms. Let us intro-
duce their definitions, beginning with exterior algebra in a vector space and con-
tinuing with the smooth category. We only give here a brief survey. See [59] for a
complete one.

8.1 Differential Forms and Their Integrals

8.1.1 Differential Forms on E
N

1. The algebraic point of view. Let E
N be the N-dimensional Euclidean space and

E
N∗

be its dual. We denote by ΛE
N the exterior algebra of E

N and by Λ∗
E

N the
exterior algebra of E

N∗
. As usual, one can write

ΛE
N = ⊕N

k=0ΛkE
N ,

where Λ0E
N = R and ΛkE

N denotes the Ck
N-dimensional vector space spanned

by elements of the form v1 ∧ . . .∧ vk, each vi(1 ≤ i ≤ k) lying in E
N .

Similarly, we denote by Λ∗
E

N the dual space of ΛE
N and, for all k, by Λk

E
N

the dual space of ΛkE
N . We have

Λ∗
E

N = ⊕N
k=0Λ

k
E

N ,

where Λ0
E

N = R and Λk
E

N denotes the Ck
N-dimensional vector space spanned

by elements of the form v∗1 ∧ . . .∧ v∗k , each v∗i (1 ≤ i ≤ k) lying in E
N∗

.
A k-vector is an element of ΛkE

N and a k-covector (also called a k-form) is an
element of Λk

E
N . A k-vector z (resp., k-covector z∗) is simple or decomposable

if it can be written as a wedge product of k vectors (resp., k covectors):

z = v1 ∧ ...∧ vk,vi ∈ E
N ,1 ≤ i ≤ k

91
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(resp.,
z∗ = v∗1 ∧ ...∧ v∗k ,v

∗
i ∈ E

N∗
,1 ≤ i ≤ k).

If
e1 = (1,0, ...,0), ...,eN = (0, ...,0,1)

is the standard basis of E
N , then a basis of ΛkE

N is given by the decomposable
k-vectors

ei1 ∧ ...∧ eik ,1 ≤ ii < ... < ik ≤ N.

If θ 1, ...,θN is the dual frame of e1, ...,eN , then a basis of Λk
E

N is given by the
decomposable k-covectors

θ i1 ∧ ...∧θ ik ,1 ≤ i1 < ... < ik ≤ N.

In particular, ΛNE
N and ΛN

E
N have dimension 1. The N-covector θ 1 ∧ ...∧θN

is a frame of ΛN
E

N . It is called the standard orientation of E
N .

For every k,1 ≤ k ≤ N, the space Λk
E

N is endowed with its classical operator
norm, defined as follows: if ω ∈ Λk

E
N ,

|ω| = sup{< ω,z >,z simple k-vector of E
N}.

An important remark. Using the standard scalar product <,> on E
N , we often

identify a vector v with its corresponding 1-form < v, . >. Consequently, ei is
identified with θ i and the N-vector e1 ∧ ...∧ eN is identified with the orientation
θ 1 ∧ ...∧θN .

2. The differential point of view.

• The space Dk(EN). Let x be a point of E
N . One can identify TxE

N with E
N

and ΛkTxE
N with Λk

E
N . In such a way, one constructs a vector bundle over

E
N whose fiber over a point x is ΛkTxEN � Λk

E
N . A k-differential form on

E
N is a C∞1 section of this bundle.

Remark In particular, any N-differential form ω of E
N can be written

ω = fω0,

with ω0 = θ 1 ∧ ...∧θN , f being a C∞ real function.
The space of k-differential forms on E

N is denoted by Dk(EN). It has a natural
module structure on C∞(EN).

We endow Dk(EN) with the topology spanned by the family ν l
K of semi-

norms defined for every integer l and every compact subset K of E
N as fol-

lows: if
ω = ∑

i1...ik

f(i1...ik)θ
i1 ∧ . . .∧θ ik ,

then
ν l

K(ω) = sup{|d j f(i1...ik)(x)|;x ∈ K,0 ≤ j ≤ l}.

1 In general, C2 will be enough in this book.
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• The space Dk
c(E

N). Let us now make precise the notion of support of a dif-
ferential form. If ω is a k-differential form, the support spt(ω) of ω is the
closure of the set of points x such that ωx 
= 0. If K is a compact subset of E

N ,
we denote by:

– Dk
K(EN) the (closed) subspace of k-differential forms whose support is in-

cluded in K, endowed with the induced topology.
– Dk

c(E
N) the union of Dk

K(EN) over all compact subsets K of E
N , i.e.,

the subspace of k-differential forms with compact support. The space
Dk

K(EN) is endowed with the largest topology such that the inclusion of
each Dk

K(EN) into Dk
c(E

N) is continuous.

(The reader can consult [43, pp. 343–346] for details.)
• The exterior derivative. We denote by d the exterior derivative:

d : Dk(EN) →Dk+1(EN).

The operator d satisfies
d2 = 0.

• Pullback of a differential form. Let

f : E
N → E

N′

be a differentiable map. Let ω be a k-differential form on E
N′

. One defines the
k-differential form f ∗(ω) on E

N (called the pullback of ω) as follows:

∀X1, ...,Xk ∈ TE
N , f ∗(ω)(X1, ...,Xk) = ω(d f (X1), ...,d f (Xk)). (8.1)

In particular, if k = N = N′, a simple computation shows that

f ∗(ω) = J( f )ω, (8.2)

where J( f ) denotes the Jacobian of f .
The pullback commutes with the exterior derivative: for every map f :

E
N → E

N′
and every k-differential form ω on E

N′
, one has

f ∗dω = d[ f ∗ω]. (8.3)

8.1.2 Integration of N-Differential Forms on E
N

Let E
N be the N-dimensional Euclidean space endowed with its standard orientation

ω0. We have seen that any N-form ω on E
N can be written as ω = fω0, where f is

a smooth function on E
N . If f is Lebesgue integrable (see Sect. 5.3), we put

∫
ω =

∫
f dLN .
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This construction can be obviously extended to differential N-forms which are “less
smooth,” i.e., to differential N-forms of type ω = fω0 such that f is only integrable.
Note, however, that “ f positive” does not imply that

∫
Aω is positive. Consequently,

strictly speaking, the map

A →
∫

A
fω0

cannot induce a (positive) measure on E
N .

8.2 Densities

8.2.1 Notion of Density on E
N

As we have seen in Sect. 8.1.2, integration of differential forms on E
N does not

allow us to define a measure on it: the result of the integration over any Borel subset
may be negative. To avoid this difficulty, one introduces the notion of density:

• Algebraic point of view. A density on E
N is a map

δ : E
N → R

+,

such that there exists a nonzero N-form α ∈ ΛN(EN) satisfying

δ (X1, ...,XN) = |α(X1, ...,XN)|.

There is a canonical density δ0 on E
N associated to ω0 (or equivalently, associ-

ated to the determinant with respect to an oriented orthonormal frame):

δ0(X1, ...,XN) = |det(X1, ...,XN)| =
√

det < Xi,Xj >.

Clearly, two densities δ and δ ′ on E
N are proportional:

δ ′ = aδ ,a ∈ R
+.

• Differential point of view. We can extend this construction: a (differential) density
on E

N is a map
δx : TxE

N → R,

defined at each point x of E
N , such that there exists a differential N-form, differ-

ent to zero everywhere, such that

∀x ∈ E
N ,∀X1, ...,XN ∈ TxE

N ,δx(X1, ...,XN) = |αx(X1, ...,XN)|.

Two densities δ and δ ′ on E
N are proportional:

δ ′ = fδ ,
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f being a positive function. In particular, any (differential) density δ can be writ-
ten δ = fδ0, where f is a positive function.

8.2.2 Integration of Densities on E
N and the Associated Measure

We can define the integral of a density with respect to the Lebesgue measure as
follows. Let δ f = fδ0 be a density, f being a smooth positive function. We put

∫
δ f =

∫
f dLN .

Note that this construction can be extended to the case where f is any integrable
positive function. On the other hand, since f is positive,

∫
δ f is nonnegative. Then,

it is easy to check that the map

A →
∫

A
δ f

is a new Borel measure on (EN ,B) (see Chap. 5).



Chapter 9
Measures on Manifolds

Let us introduce the concept of measures on a Ck-manifold Mn of dimension n
with or without boundary ∂Mn (n ≥ 1,k ≥ 2). The goal is to use suitable differen-
tial forms to construct measures, with which one can define the notion of volume,
fundamental in our context. Chapter 3 of [11] gives a complete introduction to the
subject.

9.1 Integration of Differential Forms

We denote by Dk(Mn) the space of k-differential forms on Mn. If ω ∈ Dk(Mn) and
x ∈ Mn, ωx is a k-form on the tangent space TxMn, i.e., ωx ∈ Λk(TxMn).

A volume form on Mn is an n-differential form ω such that for every x ∈ Mn,
ωx 
= 0. If ω is a volume form on Mn, the couple (Mn,ω) is an oriented manifold.

If (U,φ) is a chart domain of an oriented manifold (Mn,ω), one can define the
integral

∫
U ω of the restriction of ω to U as follows: φ−1∗(ω) is an n-form on φ(U),

which is an open set of E
n endowed with its canonical orientation ω0. We can write

φ−1∗(ω) = fω0 and put ∫

U
ω =

∫

φ(U)
f dLn, (9.1)

where dLn denotes the Lebesgue measure on E
n. Formula (9.1) and Theorem 18

show that the result is independent of the chart. Using a partition of unity, one can
then define

∫
Aω in a natural way, where A is a subset of Mn such that φ(A) is

measurable on E
n. One more time, the map

A →
∫

A
fω0

cannot induce any (outer) measure on Mn, since the result of the integration may be
negative.

97
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Let us mention Stokes theorem, which is one of the most important result in
mathematics.

Theorem 30. Let Mn be a compact oriented Ck-manifold Mn of dimension n with
boundary ∂Mn (n ≥ 1,k ≥ 2). Then, for any Ck−1-differential form ω of degree
n−1, ∫

Mn
dω =

∫

∂Mn
ω.

In particular, if ∂Mn = /0, ∫

Mn
dω = 0.

9.2 Density and Measure on a Manifold

We need to extend the notion of density we have introduced in Chap. 5 on E
N . By

definition, we say that δ is a density on Mn if at each point x of Mn, δx is a density
of TxMn. Consequently, there exists an n-form ω on Mn such that |ωx| = δx at each
point x ∈ Mn. In other words, |ω| = δ .

Theorem 31. To any density on a Ck-manifold Mn, there is canonically associated a
Borel measure on Mn. A measure on Mn obtained in such a way is called a Lebesgue
measure.

Remark Theorem 31 implies that, given a density δ on a manifold Mn, one can con-
sider measurable subsets and integrable functions associated to the Borel measure
defined with respect to δ . The main utility of densities is that they allow us to define
measures on manifolds. Note that Mn is locally homeomorphic to E

n and then the
Borel subsets of Mn are spanned by the images by this homeomorphism of the Borel
subsets of E

n.
Sketch of proof of Theorem 31 Let δ be a density on Mn:

• We begin by working on a domain U of a chart (U,φ). Let f be the function
defined on U by

φ−1∗(δ ) = fδ0,

where δ0 is the canonical density on E
n (see Sect. 8.2). We define the measure

µδ as follows: for any Borel subset A of U , we put

µδ (A) =
∫

φ(A)
f dLn.

The main point is to check that this (local) definition of µδ is independent of the
chart (we leave this proof to the reader).

• Then, we extend this construction to the whole manifold Mn by using a partition
of unity. �
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9.3 The Fubini Theorem on a Fiber Bundle

Among other ideas, the proof of the tubes formulas (given in Chap. 17) uses clas-
sically an “integration by slice,” i.e., the Fubini theorem, to compute explicitly the
volume of a tubular neighborhood of a submanifold. We give here (without proof)
a general theorem on integration over a fiber bundle generalizing the integration by
slice (see [51, 76] for instance).

Theorem 32. Let (E,π,B,F) be an oriented fiber bundle over an oriented
n-manifold B, such that dim F = r. If E is endowed with the local product ori-
entation induced by the orientation of B and F, then

∫

E
=

∫

B
◦

∫

F
. (9.2)

Equation (9.2) must be made more explicit. The assumptions of the theorem
imply that the volume form ωE of E is over each point p of B, “the product of the
volume form ωB by the volume form of the fiber ωF .” Roughly speaking, over each
point ξm of E,

ωE = ωB ∧ωF ,

where Fξm denotes the fiber over m. Then,
∫

F ω is a smooth function on B, which
can be integrated, giving sense to

∫
B(

∫
F ω). Fubini’s theorem asserts that

∫

E
ω =

∫

B
(
∫

F
ω).



Chapter 10
Background on Riemannian Geometry

We do not use much intrinsic Riemannian geometry in this book, since our mani-
folds are essentially submanifolds of Euclidean spaces. However, the Steiner for-
mula for convex subsets with smooth boundaries and the tubes formula of Weyl (see
Chaps. 16 and 17) are Riemannian results. Moreover, the invariant forms described
in Chap. 19 have a typical Riemannian flavor. That is why we give a brief survey of
Riemannian geometry. The reader interested in the subject can consult [10], [29],
[76], [57, Tome 1, Chaps. 4 and 5], or [67].

10.1 Riemannian Metric and Levi-Civita Connexion

Let Mn be an n-dimensional manifold. We denote by T Mn its tangent bundle and
by X (Mn) the module of C∞ vector fields on Mn. A Riemannian metric on Mn is
a positive definite symmetric tensor field g of type (0,2) defined on Mn. In other
words, at each point m ∈ Mn, gm is a scalar product on TmMn which varies differ-
entiably with m. This tensor will often be denoted by <,>. Every manifold admits
Riemannian metrics. To each Riemannian metric, <,> is associated a unique linear
connexion ∇, called the Levi-Civita connexion. Recall that a linear connexion ∇ on
Mn is an operator

∇ : X (Mn)×X (Mn) →X (Mn),

(X ,Y ) → ∇XY,

satisfying, for all X ,Y,Z ∈ X (Mn) and for all f ,g ∈C∞(Mn):

• ∇ f X+gY Z = f∇X Z +g∇Y Z.
• ∇X (Y +Z) = ∇XY +∇X Z.
• ∇X f Z = f∇X Z +X( f )Z.

The torsion and the curvature are two tensors associated to any linear connection:

• The torsion T is defined for all X ,Y ∈ X (Mn) by

T (X ,Y ) = ∇XY −∇Y X − [X ,Y ].

101
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• The curvature R is defined for all X ,Y,Z ∈ X (Mn) by

R(X ,Y )Z = ∇X∇Y Z −∇Y∇X Z −∇[X ,Y ]Z.

The Levi-Civita connexion is completely determined by two supplementary con-
ditions:

1. It has no torsion: for all X ,Y ∈ X (Mn),

∇XY −∇Y X = [X ,Y ],

where [., .] is the Lie bracket on Mn.
2. <,> is parallel with respect to ∇: for all X ,Y,Z ∈ X (Mn),

Z < X ,Y >=< ∇ZX ,Y > + < X ,∇ZY > .

10.2 Properties of the Curvature Tensor

The curvature tensor R of ∇ satisfies the following algebraic properties. For all
X ,Y,Z,W ∈ χ(Mn):

• R(X ,Y )Z +R(Y,X)Z = 0.
• R(X ,Y )Z +R(Y,Z)X +R(Z,X)Y = 0, called the first Bianchi identity.
• < R(X ,Y )Z,W > + < R(Y,X)W,Z >= 0.
• < R(X ,Y )Z,W >=< R(Z,W )X ,Y >= 0.

At each point m ∈ Mn and each two-dimensional plane π of TmMn, one defines
the sectional curvature K(π) of π by

K(π) =< R(X ,Y )Y,X >,

where (X ,Y ) is an orthonormal frame of π .
If X and Y are two vectors in TmMn, one defines the Ricci tensor Ricc of Mn for

all X ,Y ∈ χ(Mn) by

Ricc(X ,Y ) =
n

∑
n=1

< R(ei,X)Y,ei >,

where (e1, ...,ei, ...,en) is an orthonormal frame of TmMn.
The scalar curvature at m is the real number

τ =
1

n(n−1)

n

∑
i=1

Ricc(ei,ei).
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10.3 Connexion Forms and Curvature Forms

Let us now define the connexion forms on Mn. Let (e1, ...,ei, ...,en) be a local ortho-
normal frame of vector fields. Denote by (ω1, ...,ω i, ...,ωn) the dual frame. The n2

connection 1-forms ω j
i are defined for all X ∈ T Mn by

∇X e j =∑
i
ω i

j(X)ei,∀ j ∈ {1, ...,n}.

Moreover, let Ri
jkl be the component of the curvature tensor:

R(e j,ek)el =∑
i

Ri
l jkei.

The curvature 2-forms of the connexion are defined by

Ωi
j =

1
2∑k,l

Ri
jklω

k ∧ω l .

The forms ω i,ω j
i ,Ωi

j are related by the Cartan equations:

dω i = −∑
j
ω i

j ∧ω j,

dω i
j = −∑

k
ω i

k ∧ωk
j +Ωi

j.

As usual, using Einstein summation, we avoid in general the sign ∑ when no
confusion is possible. For instance,

ω i
j(X)ei

must be read
∑

i
ω i

j(X)ei.

10.4 The Volume Form

On any orientable Riemannian manifold Mn, the volume form dv is the n-form de-
fined locally by dv = ω1 ∧ ...∧ω i ∧ ...∧ωn, where as before (ω1, ...,ω i, ...,ωn) is
the dual frame of an orthonormal local frame (e1, ...,ei, ...,en).

Suppose that Mn is compact. The volume Voln(Mn) of Mn is defined by

Voln(Mn) =
∫

Mn
dv.

If no confusion is possible, we simply write Vol(Mn) instead of Voln(Mn).



104 10 Background on Riemannian Geometry

10.5 The Gauss–Bonnet Theorem

The famous Gauss–Bonnet formula gives a relation between the curvature tensor of
any even-dimensional Riemannian manifold Mn, n = 2m, and its topology. It can be
stated as follows. Let

Ω =
(−1)m

22mπmm!∑εi1...i2mΩ
i1
i2
∧ ...∧Ωi2m−1

i2m
.

Then ∫

Mn
Ω = χ(Mn), (10.1)

where χ(Mn) denotes the Euler characteristic of Mn.

10.6 Spheres and Balls

Spheres and balls are well-known compact Riemannian manifolds. Their volumes
can be expressed as follows. Let Γ be the gamma function. It is well known that Γ
satisfies the following property: for every n ∈ N,

Γ(n+1) = nΓ(n); ∀n ∈ N,Γ(n) = (n−1)!

and

Γ(
1
2
) =

√
π.

• We denote by S
n the unit hypersphere (of dimension n) in E

n+1. Its n-volume sn
satisfies

sn =
2π

(n+1)
2

Γ(( (n+1)
2 ))

. (10.2)

• We denote by B
n the unit ball of E

n (whose boundary is S
n−1). Its n-volume bn

satisfies

bn =
sn

n
=

2π n
2

nΓ(( n
2 ))

. (10.3)

In particular,

s0 = 2;s1 = 2π;s2 = 4π;s3 = 2π2;b1 = 2;b2 = π;b3 =
4
3
π. (10.4)
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10.7 The Grassmann Manifolds

10.7.1 The Grassmann Manifold Go(N,k)

Let Go(N,k) be the set of (oriented) k-linear subspaces of E
N . This set is called the

Grassmann manifold or the Grassmannian of (oriented) k-vector subspaces (also
called k-planes) of E

N . It is a compact manifold, which has the structure of symmet-
ric space of dimension k(N − k) isomorphic to the quotient

SO(N)
SO(k)×SO(N − k)

,

where SO(N) (resp., SO(k), resp., SO(N −k)) denotes the special orthogonal group
of E

N (resp., E
k, resp., E

N−k).
Note that there is an obvious identification

Go(N,k) ∼ Go(N,n− k)

(by identifying a k-plane with its orthogonal) and that S
N−1 can be identified with

Go(N,1) (by identifying an oriented line with its unit vector).
As usual, the tangent space TidGo(N,k) of Go(N,k) at the identity can be identi-

fied with
SO(N)

SO(k)×SO(N − k)
,

where SO(N) (resp., SO(k), resp., SO(N − k)) denotes the space of skew-
symmetric squared N ×N (resp., k × k, resp., (N − k)× (N − k)) matrices. Con-
sequently, a tangent vector at the identity can be identified with a matrix

(
0 A

−At 0

)
, (10.5)

where A describes the space of k× (N − k) real matrices.
The manifold Go(N,k) has a Riemannian structure, which can be described by

giving explicitly the associated scalar product <,> on the tangent space TidGo(N,k)

at Id: if U =
(

0 A
−At 0

)
and U ′ =

(
0 B

−Bt 0

)
belong to Go(N,k), then

< U,U ′ >= 2trace ABt ,

i.e. (up to the coefficient 2), the standard scalar product of A and B.
The manifold Go(N,k) admits a Haar measure (invariant by rotations), asso-

ciated to the volume form induced by the Riemannian metric. The volume of
Go(N,n− k) satisfies

Vol(Go(N,k)) =
2sN−1sN−2...sk

sN−k−1sN−k−2...s0
. (10.6)
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In particular, the volume of the set of (oriented) lines through the origin in E
2

(i.e., the volume of S
1) is 2π; the volume of the set of (oriented) lines through the

origin in E
3 (i.e., the volume of the sphere S

2) is 4π .

10.7.2 The Grassmann Manifold G(N, k)

We now deal with unoriented k-subspace of EN . The set G(N,k) of (unoriented)
k-vector subspaces of E

N is called the Grassmann manifold or Grassmannian of
(unoriented) k-planes of E

N . Like Go(N,k), G(N,k) has the structure of a differen-
tiable manifold of dimension k(N − k). The main observation is that the map

ψ : Go(N,k) → G(N,k), (10.7)

which sends an oriented k-plane to the corresponding unoriented k-plane, is a
twofold covering.

G(N,k) is also a compact manifold, which has the structure of symmetric space
of dimension k(N − k) isomorphic to

O(N)
O(k)×O(N − k)

.

There is still an obvious identification:

G(N,k) ∼ G(N,n− k)

(by identifying a k-plane with its orthogonal). Note also that G(N,1) is the projective
space PN−1(R).

The tangent space TidG(N,k) at identity is still identified with

SO(N)
SO(k)×SO(N − k)

.

The manifold G(N,k) is endowed with a Riemannian structure defined by claim-
ing that the map ψ is a local isometry. The corresponding volume is half the volume
of Go(N,k):

Vol(G(N,k)) =
sN−1sN−2...sk

sN−k−1sN−k−2...s0
. (10.8)

In particular, the volume of the set of (unoriented) lines through the origin in
E

2 (i.e., the volume of the projective space P1(R)) is π; the volume of the set of
(unoriented) lines through the origin in E

3 (i.e., the volume of the projective space
P2(R)) is 2π; and the volume of the set of (unoriented) planes through the origin in
E

3 is 2π .
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10.7.3 The Grassmann Manifolds AG(N, k) and AGo(N, k)

Let us now consider the set AG(N,k) of all affine k-subspaces of E
N . It is a (smooth)

manifold with fibers over G(N,N − k)

φ : AG(N,k) → G(N,N − k),

where the map φ sends any affine k-subspace P onto its linear orthogonal comple-
ment L. The fibers are isomorphic to E

N . The map

P → L

gives the isomorphism of the fiber with E
N . The manifold AG(N,k) admits a nat-

ural canonical Haar measure (invariant under rigid motion), deduced from the
Lebesgue measure on the Euclidean space and the Haar measure on G(N,N − k)
(see Theorem 32 and [56] for details).

One can also define the manifold AGo(N,k) of oriented k-subspaces of E
N . The

details of the corresponding fibration over Go(N,N − k) and the Haar measure (in-
variant under rigid motions) are left to the reader.



Chapter 11
Riemannian Submanifolds

Smooth Riemannian submanifolds in Euclidean spaces are the smooth objects, on
which we shall test the curvature measures defined in the next chapters. They are
the direct generalization in any dimension and codimension of curves and surfaces
in E

3. Their extrinsic curvatures generalize the Gauss and mean curvatures of sur-
faces. We review (without proof) some fundamental notions on the subject. Classical
books on Riemannian submanifolds are [26, 27].

11.1 Some Generalities on (Smooth) Submanifolds

Let Mn be a (smooth) n-dimensional manifold (in general, if there is no other con-
dition, we assume that Mn is at least C2). A C1-map

x : Mn → E
N

is an immersion if dx has maximal rank n at each point. This immersion is an em-
bedding if

x : Mn → x(Mn)

is an homeomorphism (for the topology on x(Mn) induced by the one on E
N). In

such a situation, we say that Mn is an immersed (or embedded) submanifold of E
N ,

or simply a submanifold of E
N (Fig. 11.1).

Let us endow E
N with its standard scalar product <,> and denote by g =

x∗(<,>) the induced metric on Mn. Then, x becomes an isometric immersion of
(Mn,g) into (EN ,<,>). In the following, we identify systematically a tangent vec-
tor X to Mn and its image x∗X by the differential of x. Using this identification, the
orthogonal complement of T Mn in TE

N is the normal bundle of Mn in E
N . We de-

note it by T⊥Mn, and by X⊥(Mn) the module of normal vector fields. Consequently,
one can consider the following three bundles over Mn (Fig. 11.2). The tangent bun-
dle to Mn:

T Mn → Mn,

109
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Fig. 11.1 The curve C is
the image of an immersion
with a self-intersection point;
this immersion is not an
embedding. The curve C′ is
the image of an embedding

C’C

Fig. 11.2 The tangent space
TpM and the normal space
T⊥

p M of M at a point p

M

. p

T

T Mp

p M

the restriction to Mn of the tangent bundle of E
N :

TMnE
N → Mn,

and the normal bundle to Mn:
T⊥Mn → Mn.

These three bundles are related by the equation:

TMnE
N = T Mn ⊕T⊥

Mn Mn. (11.1)

Among others, there are two important topological properties of the normal bun-
dle of submanifolds, which will be used extensively in this book:

1. The first one is topological. It is the tubular neighborhood theorem (see [58, 62]
for instance).

Theorem 33. Let Mn be a compact embedded submanifold of E
N. Then, there

exists a neighborhood UMn of Mn, such that every point m in UMn has a unique
projection prMn(m) onto Mn (realizing the distance dMn(m) from m to Mn).

Since Mn is compact, Theorem 33 implies that there exists a tubular neighbor-
hood Mn

ε of Mn (of radius ε > 0), such that every m in Mn
ε has a unique pro-

jection prMn(m) onto Mn. In other words, using the notion of reach of a subset,
introduced in Chap. 4, one has the following corollary.
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Fig. 11.3 In the tubular
neighborhood UC of the curve
C in E

3, any point m has a
unique orthogonal projection
onto C

pr(m)

m
C

UC

Corollary 1. The reach of a compact submanifold of E
N is strictly positive

(Fig. 11.3).

Note that the smoothness of the immersion is essential. Theorem 33 and
Corollary 1 fail for a polygonal line in E

2, as we have seen in Chap. 4: any
point on the bisector of two consecutive edges has at least two orthogonal
projections.

2. The second one comes from symplectic geometry (see [81] for a nice introduc-
tion). Remember that the cotangent bundle of any N-dimensional manifold V N is
a manifold which admits a canonical symplectic 2-form Ω (i.e., a closed differ-
ential 2-form Ω, which is nondegenerate and satisfies

ΩN 
= 0

at every point). In particular, if (x1, ...,xk, ...,xN) are the standard coordinates of
E

N and (x1, ...,xk, ...,xN ,y1, ...,yk, ...,yN) are the standard coordinates of T ∗
E

N =
E

N ×E
∗N , the canonical symplectic form Ω of T ∗

E
N has the following expres-

sion:

Ω =
N

∑
k=1

dxk ∧dyk. (11.2)

Using the identification given by the metric between vectors and 1-forms, we
deduce a symplectic structure (still denoted by Ω) on the tangent bundle TE

N =
E

N ×E
N of E

N .
It is well known that Ω is exact

Ω = dα, (11.3)

where α is the Liouville 1-form

α = −
N

∑
k=1

ykdxk. (11.4)
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Let us now restrict our attention to the unit sphere bundle

STE
N = E

N ×S
N−1

of TE
N . The restriction of the Liouville form α to E

N ×S
N−1 endows E

N ×S
N−1

with a contact structure: still denoting this restriction by α , one has

α ∧ (dα)N−1 
= 0 (11.5)

at every point (x,y) of E
N ×S

N−1.
In this context, let us describe the behavior of the normal (resp., unit normal)

bundle of a submanifold Mn of E
N . A simple direct computation implies the

following theorem.

Theorem 34. Let Mn be a submanifold of E
N. Then:

• Considered as a submanifold of E
N ×E

N endowed with the symplectic struc-
ture Ω, the normal bundle T⊥Mn of Mn is Lagrangian, i.e.,

∀X ,Y ∈ T T⊥Mn,Ω(X ,Y ) = 0.

• Considered as a submanifold of E
N ×S

N−1, the unit normal bundle ST⊥Mn

of Mn is Legendrian, i.e.,

∀X ,Y ∈ T ST⊥Mn,α(X) = 0 and dα(X ,Y ) = 0.

Theorem 34 is crucial for our purpose: in Chap. 20, following [47], the normal
cycle of a geometric subset of E

N will satisfy analogous properties by definition.

11.2 The Volume of a Submanifold

The volume of a submanifold generalizes the length of a curve and the area of a
surface. It only involves the first derivative of the immersion. Let Mn be a (compact
orientable) C1-submanifold of E

N . There are (at least) three classical ways to define
the n-volume of Mn:

1. We can endow Mn with the Riemannian structure induced by the scalar product
on E

N and then consider the Lebesgue measure of Mn associated to the corre-
sponding density.

2. We can compute the nth-Hausdorff measure of Mn, considered as a subset of E
N .

3. If the submanifold is the image of an embedding

x : Mn → E
N ,
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its volume can be computed with help of the area formula (Theorem 19):

Voln(Mn) =
∫

Mn
Jn( f )(x)dLnx. (11.6)

It can be proved that these three computations coincide. They define the n-volume
Voln(Mn) of Mn. Consequently,

Voln(Mn) = Hn(Mn) =
∫

Mn
Jn( f )(x)dLnx. (11.7)

Remark In this section, we supposed that the submanifold is C1. However, a sharp
study of these processes shows that the same considerations can be applied to sub-
manifolds defined with Lipschitz maps, since such maps are differentiable almost
everywhere, see [43, 63] for details.

11.3 Hypersurfaces in E
N

Let us now deal with the local Riemannian geometry of submanifolds. We begin
with hypersurfaces of E

N (see [26] for details). Although we can mimic Sect. 20.2
to define the Weingarten endomorphism and the second fundamental form of a hy-
persurface, we shall be a little more formal, using the covariant derivative in the
Euclidean space (i.e., the Levi-Civita connexion in the Euclidean space E

N , defined
in a general frame in Sect. 10.1). Let (e1, ...,ei, ...,eN) be an orthonormal frame of
E

N . The covariant derivative on E
N is simply the operator ∇̃ defined as follows. If

X =
N

∑
i=1

Xiei, Y =
N

∑
j=1

Y je j

are two vector fields on E
N , then

∇̃XY =
N

∑
i, j=1

Xi ∂Y j

∂xi e j.

11.3.1 The Second Fundamental Form of a Hypersurface

In our context, an (oriented) smooth hypersurface M of the (oriented) Euclidean
space E

N means an (N − 1)-dimensional C2-(oriented) manifold embedded in E
N .

Let ξ be the unit normal vector field defined on M, compatible with the orientation
of M and E

N . The Weingarten tensor A defined on M is the symmetric endomor-
phism defined for all X ∈ T M by
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A(X) = −∇̃Xξ . (11.8)

The second fundamental form h of M is the adjoint of A: it is defined for all X ,Y ∈
T M by

< A(X),Y >= h(X ,Y ). (11.9)

The geometric meaning of h and A is well known: it describes the shape of the
immersion.1 Since A is symmetric, it admits at each point m ∈ M an orthonormal
frame of eigenvectors called principal vectors, whose corresponding eigenvalues
are called the principal curvatures (λ1, ...,λi, ...,λN−1) of M at m.

11.3.2 kth-Mean Curvature of a Hypersurface

Let us now introduce the symmetric functions of the principal curvatures.

Definition 25. Let M be a hypersurface of E
N . For every, k = 0, ...,N − 1, the kth-

elementary symmetric function of the principal curvatures of M

Ξk = {λi1 , ...,λik}

is called the kth-mean curvature of M.

Remark One has

det (I + tA) =
k=N−1

∑
k=0

Ξktk, (11.10)

with Ξk = ∑Ik ∆Ik , where ∆Ik is the sum of all k-minors of the matrix A (Ik denotes
the class of subsets of {1, ...,N −1} with k elements). In particular:

• Ξ0 = 1.
• Ξ1 is the trace of h.
• ΞN−1 is the determinant G of h, called the Gauss curvature of M.

In particular, we have the following result.

Definition 26. The scalar

H =
1

N −1
Ξ1

is called the mean curvature of M.

1 For instance, M is totally geodesic in E
N (i.e., h = 0), if the geodesics of Mn are sent onto geo-

desics (i.e., straight lines) of E
N ; in this case, x(M) is nothing but a portion of an affine hyperplane

of E
N .
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11.4 Submanifolds in E
N of Any Codimension

Section 11.3 can be generalized to any submanifold

x : Mn → E
N

of any codimension (as for Sect. 11.3, see [26] for details).

11.4.1 The Second Fundamental Form of a Submanifold

Let ∇ (resp., ∇̃) denote the Levi-Civita connexion on (Mn,g) (resp., (EN ,<,>)).
For all vector fields X ,Y tangent to Mn, ∇̃XY can be considered as a section of
TMnE

N . It appears that its component tangent to Mn is exactly ∇XY , so that the two
connections ∇ and ∇̃ are related by the Gauss formula, for all X ,Y ∈ χ(Mn),

∇̃XY = ∇XY +h(X ,Y ), (11.11)

where h(X ,Y ) ∈ T⊥Mn denotes the normal component of ∇̃XY . The tensor

h : T Mn ×T Mn → T⊥Mn

is symmetric. It is called the second fundamental form of Mn with respect to the
immersion x.

Let ξ be a normal vector field and X be a tangent vector field on Mn. We can
decompose ∇̃Xξ into its tangent component −AξX and its normal component ∇⊥

X ξ .
We get the Weingarten formula:

∇̃Xξ = −AξX +∇⊥
X ξ ,∀X ∈ T Mn. (11.12)

The tensor A is called the Weingarten tensor and is related to h by the following
equation, for all X ,Y ∈ χ(Mn) and for all ξ ∈ T⊥Mn,

< AξX ,Y >=< h(X ,Y ),ξ >,∀X ,Y ∈ T Mn. (11.13)

Since h is symmetric, we can define its trace with respect to orthonormal frames
in T Mn.

Definition 27. The mean curvature vector field of the submanifold Mn is the normal
vector field

−→
H defined by

−→
H =

1
n

trace (h).
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11.4.2 kth-Mean Curvatures in Large Codimension

Generalizing Definition 28, one defines for each k ∈ {0, ...,n} the kth-mean curva-
ture with respect to each normal direction as follows. Let ξ be a (unit) normal vector
field. Let

hξ : T Mn ×T Mn →C∞(Mn)

be the tensor defined for all X ,Y ∈ X (Mn) and for all ξ ∈ T⊥Mn by

hξ (X ,Y ) =< h(X ,Y ),ξ > . (11.14)

In other words, hξ is the second fundamental form in the direction ξ . Since h is
symmetric, Aξ is self-adjoint and hξ is symmetric. Then, they can be (locally)
diagonalized (in an orthonormal frame). At each point m of Mn and for any nor-
mal direction ξ at m, the eigenvalues (λξ

1 , ...,λξ
n ) of Aξ are called the principal

curvatures of Mn at m in the direction ξ .

Definition 28. Let Mn be an n-dimensional Riemannian manifold isometrically im-
mersed in E

N . Let ξ be a (unit) normal vector field. The kth-elementary symmetric
function of the principal curvatures of Mn in the direction ξ

Ξk(ξ ) = {λξ
i1
, ...,λξ

ik
} (11.15)

is called the kth-mean curvature of Mn in the direction ξ .

Remarks

• One has

det (I + tAξ ) =
k=n

∑
k=0

Ξk(ξ )tk, (11.16)

with Ξk(ξ ) = ∑Ik ∆Ik(ξ ), where ∆Ik(ξ ) is the sum of all k-minors of the matrix
Aξ (Ik denotes the class of subsets of {1, ...,n} with k elements).

• If we replace ξ by −ξ , Ξk is changed into −Ξk when k is odd, and is unchanged
when k is even.

11.4.3 The Normal Connexion

The normal component

∇⊥ : X (Mn)×X⊥(Mn) →X⊥(Mn)
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of the Levi-Civita connexion ∇̃ defined by (11.12) is a linear connection on the
normal bundle χ⊥(Mn): it satisfies for all X ,Y ∈ X (Mn), for all ξ ,ζ ∈ X⊥(Mn),
and for all f ,g ∈C∞(Mn):

• ∇⊥
f X+gYξ = f∇⊥

X ξ +g∇⊥
Y ξ .

• ∇⊥
X (ξ +ζ ) = ∇⊥

X ξ +∇⊥
X ζ .

• ∇⊥
X fξ = f∇⊥

X ξ +X( f )ξ .

The operator ∇⊥ is called the normal connexion associated to the submani-
fold Mn.

The normal curvature tensor R⊥ of the connexion ∇⊥ is defined as follows, for
all X ,Y ∈ X (Mn) and for all ξ ∈ X⊥(Mn),

R⊥(X ,Y )ξ = ∇X∇Yξ −∇Y∇Xξ −∇[X ,Y ]ξ .

11.4.4 The Gauss–Codazzi–Ricci Equations

The Gauss equation relates the curvature tensor R of Mn to the second fundamen-
tal form of the submanifold Mn. This equation can be stated as follows, for all
X ,Y,Z,W ∈ T Mn,

< R(X ,Y )Z,W > =< h(X ,W ),h(Y,Z) >

− < h(X ,Z),h(Y,W ) > .
(11.17)

The Codazzi equation is obtained by expressing the fact that the normal compo-
nent of the curvature tensor of E

N is null, for all X ,Y,Z,W ∈ T Mn,

(∇X h)(Y,Z)− (∇Y h)(X ,Z) = 0,∀X ,Y,Z ∈ T Mn, (11.18)

where, for all X ,Y,Z ∈ X (Mn),

(∇X h)(Y,Z) = ∇⊥
X h(Y,Z)

−h(∇XY,Z)−h(Y,∇X Z).
(11.19)

Finally, the Ricci equation relates the curvature tensor ∇⊥Mn of the normal bun-
dle T⊥Mn to the Weingarten tensor: once more, it is obtained by expressing the fact
that the normal component of the curvature tensor of E

N is null, for all X ,Y ∈ T Mn

and for all ξ ,η ∈ T⊥Mn,

∀X ,Y ∈ T Mn,< R⊥(X ,Y )ξ ,η >=< [Aξ ,Aη ](X),Y >, (11.20)

where
[Aξ ,Aη ] = AξAη −AηAξ . (11.21)
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11.5 The Gauss Map of a Submanifold

We have defined in Chaps. 2 and 3 the Gauss map of a curve and a surface. This can
be generalized to any submanifold in Euclidean spaces. Let us begin with hypersur-
faces.

11.5.1 The Gauss Map of a Hypersurface

Let
x : MN−1 → E

N

be a codimension one immersion of an (oriented) manifold MN−1 into E
N . The

Gauss map associated to x is the map

G : MN−1 → S
N−1

defined as follows: if ξ is the oriented normal vector field of MN−1, we put for all
m ∈ MN−1

G(m) = ξm.

If dv
S

N−1 is the volume form of S
N−1, one has

G∗(dv
S

N−1) = GdvMN−1 , (11.22)

where G = ΞN−1 is the Gauss curvature function on MN−1, i.e., the determinant of
its second fundamental form (see (11.10)).

If MN−1 is closed and has an even dimension N−1 = 2m, Gauss equation (11.17)
and Gauss–Bonnet theorem (10.1) imply

∫

M2m
GdvM =

s2m

2
χ(M2m), (11.23)

a crucial formula already mentioned in Chap. 10.
The interested reader can find generalizations of Fenchel–Milnor theorem 3 in

the beautiful articles of Chern and Lashof [31, 32] and an extended study of this
type of results in the book of Chen [27].

11.5.2 The Gauss Map of a Submanifold of Any Codimension

Let x : Mn → E
N be an immersion of a manifold Mn into E

N . The Gauss map

G : Mn → G0(N,N −n)
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sends each point m ∈ Mn to its normal space T⊥
m Mn, considered as a point of the

Grassmann manifold G0(N,N −n).2 A slight extension of this definition is to con-
sider the map

G̃ : Mn → E
N ×G0(N,N −n),

defined by
G̃(m) = (m,TmMn).

This modification will be interesting when we shall deal with the normal cycle of
a smooth submanifold. In the following, if no confusion is possible, we use indis-
tinctly G or G̃, calling systematically G the considered map.

Let us explicit the local expression of G: if (e1, ...,en,en+1, ...,eN) is a direct
local frame at a point of Mn, such that (e1, ...,en) is tangent to Mn and (en+1, ...,eN)
is normal to Mn, then one can write

G(m) = en+1 ∧ ...∧ eN .

Differentiating G, one finds immediately

dGm(X) =∑
i

en+1 ∧ ...∧ en+i−1 ∧Aen+i(X)∧ en+i+1 ∧ ...∧ eN , (11.24)

where A denotes the Weingarten endomorphism of Mn. This indicates that the pull-
back of the volume form of the Grassmann manifold gives informations on the shape
of Mn. This a priori anodyne remark will be useful when we shall extend the notion
of curvature to a large class of objects.

2 For technical reasons, it may be more interesting to modify the definition by sending each point
m to its tangent space. Both constructions are equivalent.
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Currents

As we shall see in Chap. 20, the normal cycles associated to geometric subsets of E
N

are integral currents, which are a particular type of rectifiable currents. We give here
a short introduction to this subject. We end this chapter with important theorems
used in the approximation and convergence results proved in the succeeding parts
of the book. A nice introduction to this subject can be found in [63].

12.1 Basic Definitions and Properties on Currents

In measure theory, currents appear as a generalization of smooth submanifolds. Cur-
rents are dual to differential forms. We have defined the topological space Dk

c(E
N)

in Sect. 8.1.1(2).

Definition 29.

1. The space Dk(EN) of k-currents of E
N(0 ≤ k ≤ N) is the topological dual of the

space Dk
c(E

N) of k-differential forms with compact support on E
N . The duality

bracket will be denoted by < ., . >.
2. The support spt(T) of a k-current T of E

N is the smallest closed subset C ⊂ E
N

such that, if ω ∈ Dk
c(E

N) satisfies spt(ω)∩C = /0, then < T,ω >= 0.

The space Dk(EN) is naturally endowed with the weak topology: if (Tp)p∈N
is a

sequence of k-currents of E
N and T is a k-current of E

N , then

lim
p→∞

Tp = T ⇐⇒ ∀ω ∈ Dk
c(E

N), lim
p→∞

< Tp,ω >=< T,ω > .

Let us now define the boundary of a current.

Definition 30.

• Every k-current T of E
N is associated a (k − 1)-current ∂T of E

N , called the
boundary of T , defined as follows:

121
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∀ω ∈ Dk−1
c (EN),< ∂T,ω >=< T,dω > .

• A cycle is a current with null boundary.

Classical Examples

1. Let
f : E

N → E
N′

be a smooth map and let T ∈ Dk(EN). One defines the k-current

f∗(T ) ∈ Dk(EN′
)

by the following formula, for every k-differential form ω ∈ Dk
c(E

N′
),

< f∗(T ),ω >=< T, f ∗(ω) > .

2. Let Mn be a compact smooth oriented submanifold of E
N . Then, Mn can be

considered as an n-current. Indeed, let dvMn be the volume form of Mn. If ω is
any differential n-form on E

N , then there exists a smooth function fω on Mn such
that the restriction of ω on Mn equals fωdvMn . The current [Mn] associated to Mn

is defined as follows. For all ω ∈ Dk
c(E

N),

< [Mn],ω >=
∫

Mn
fωdvMn .

To simplify the notation, if no confusion is possible, we also denote by Mn itself
the current [Mn]. The boundary of [Mn] is the (n−1)-current [∂Mn] associated to
the boundary ∂Mn endowed with the induced orientation.

3. The previous construction can be extended to Lipschitz submanifolds of E
N , i.e.,

submanifolds which are locally the graph of Lipschitz maps, since such maps are
C1-almost everywhere.

12.2 Rectifiable Currents

Let us now introduce a general kind of currents, associated to rectifiable subsets.
We deal here with the Hausdorff measure Hk. We refer to [43, pp. 251, 380, 384]
and [63, p. 40] for details. A subset A of E

N is called k-rectifiable if it is the image of
a bounded subset of E

k under a Lipschitz map. It can be proved that a k-rectifiable
set has a k-dimensional tangent subspace Hk-almost everywhere, from which one
deduces that it can be oriented almost everywhere, by assigning a (unit) k-vector U
(or a unit k-form) at each tangent vector subspace. There are many possible equiva-
lent definitions of rectifiable currents. Here is the most intuitive one.
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Definition 31.

• Let T be a k-current with compact support in E
N . If there exist:

– A Hk-measurable and k-rectifiable subset A of E
N

– An orientation defined at each point of A admitting a tangent space (conse-
quently Hk-almost everywhere)

– An integrable function µ with positive integer values defined at each point of
A admitting a tangent space, satisfying

∫

A
µdHk < ∞

such that
∀ω ∈ Dk

c(E
N),< T,ω >=

∫

A
< U,ω > µHk,

then T is called the rectifiable k-current associated to the triple (A,U,µ). If no
confusion is possible, T will be simply denoted by A.

• The space of rectifiable k-currents is denoted by Rk(EN).
• If T and ∂T are rectifiable, T is called an integral current.
• The space of integral k-currents of E

N is denoted by Ik(EN).

Let us now define the mass of a current, which directly generalizes the volume
of an oriented submanifold.

Definition 32.

1. The mass of a k-current T of E
N is the real number M(T ) defined by

M(T ) = sup{T (ω) : ω ∈ Dk
c(E

N) and sup
m∈E

N
|ωm| ≤ 1}.

2. The flat norm of a k-current T of E
N is the real number F(T ) defined by

F(T ) = inf{M(A)+M(B) : T = A+∂B, A ∈Rk(EN),B ∈Rk+1(EN)}.

Note that the flat convergence of currents implies the weak convergence of cur-
rents. Moreover, the flat norm has an interesting geometrical property: if two “ob-
jects” are “close” one to each other, then the difference of their associated currents
(when they exist) has a small flat norm. For instance, if C is an oriented curve “close”
to the oriented curve C′, then F(C−C′) is small (Fig. 12.1).

Fig. 12.1 One has C +U −
C′ +V = ∂S. If M(U) < ε ,
M(V ) ≤ ε , and M(S) <
ε2, then F(C−C′) < 3ε

S

C’
V

U

C
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12.3 Three Theorems

We mention some classical results on currents, which will be useful in our context.
The first theorem gives a characterization of integral currents.

Theorem 35. (The Constancy Theorem) Let V k be a (Lipschitz) submanifold of
E

N. Let T be a k-integral current of E
N such that:

1. spt(T ) ⊂V k.
2. spt(∂T ) ⊂ (∂V k).

Then, there exists m ∈ Z such that T = mV k.

The second result is a compactness theorem for integral currents. It provides the
means of proving that a sequence of currents converges.

Theorem 36. (The Compactness Theorem) Let K be a compact subset of E
N and

let c be a positive real number. Let Ik(K,c) be the set of n-integral currents defined
on E

N whose support lies in K and whose mass and boundary mass are bounded by
c. Then Ik(K,c) is compact for the flat norm.

The last result is a homotopy theorem: let

f : E
N → E

N

and
g : E

N → E
N

be two smooth maps. A homotopy between f and g is a smooth map

h : [0,1]×E
N → E

N ,

such that for all x ∈ E
N

h(0,x) = f (x) and h(1,x) = g(x).

Such a homotopy is said to be affine if it satisfies

h(t,x) = (1− t) f (x)+ tg(x)

for all x ∈ E
N and for all t ∈ [0,1].

The following result gives a bound on the mass M[h∗([0,1]×T ) for every integral
current T of E

N (it can be generalized to any current representable by integration,
but we do not use this generalization in this book).

Theorem 37. Let
f : E

N → E
N and g : E

N → E
N

be two smooth maps and let h be an affine homotopy between f and g. Let T ∈
Ik(EN). Then
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M[h�([0,1]×T )] ≤ M(T )(sup |g− f |sup{|D f |k, |Dg|k}).

A Final Remark This chapter deals with currents defined on E
N , but the space

E
N can be replaced by any open subset U for more generality. The proof of these

theorems can be found in [63, p. 52] or in [43, p. 357] for the Constancy Theorem 35,
in [63, p. 64] or [43, p. 414] for the Compactness Theorem 36, and in [43, p. 363]
for Theorem 37.



Chapter 13
Approximation of the Volume

We deal here with a basic question: consider a smooth (compact oriented) subman-
ifold Mn of the Euclidean space E

N , n < N, and a (measurable) subset W , “close to
Mn.” Can we approximate the volume Voln(Mn) of Mn by Voln(W )? We have seen
in Sect. 3.1.3 that the well-known “Lantern of Schwarz” shows that the area of a
sequence of triangulations inscribed in a fixed cylinder of E

3 may tend to infinity
when the sequence tends to the cylinder for the Hausdorff topology. We give here
a general approximation theorem by adding a suitable geometric assumption: we
assume that the tangent bundle of the sequence tends to the tangent bundle of Mn,
in precise sense.

13.1 The General Framework

Let Mn be a smooth compact (embedded) n-dimensional submanifold of E
N . As

mentioned in Sect. 11.1, the tubular neighborhood theorem (Theorem 33) asserts
that there exists an open subset UMn of E

N containing Mn, on which the orthogonal
projection pr onto Mn is well defined. In particular, if r is the reach of Mn, then the
orthogonal projection pr onto Mn is well defined on Ur(Mn) (Fig. 13.1).

Definition 33. A subset W of E
N is closely near Mn if it lies in Ur(Mn) (where r is

the reach of Mn) and if the restriction of pr to W is one to one (Figs. 13.2 and 13.3).

The mutual behavior of the tangent spaces of both W and Mn will be a crucial
geometric invariant in finding approximation and convergence of geometric quanti-
ties. That is why we introduce the following result.

Definition 34. Let Mn be a (smooth) submanifold of E
N and let W be an n-

dimensional topological submanifold, C1-almost everywhere, closely near Mn:

• At every (regular) point m of W , let

αm ∈
[
0,
π
2

]

129
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Fig. 13.1 W is closely near C:
every point m of the polygonal
line W has a unique orthogo-
nal projection on C

W r(C)

m

pr(m)

C

Fig. 13.2 W is not closely
near C: although W lies in
Ur(C), different points may
have the same orthogonal
projection on C

r(C)

C
W

m2

m1

pr(m1) pr(m2)=

Fig. 13.3 W is not closely
near C: although W lies in
Ur(C), the restriction to W of
the orthogonal projection is
not onto

W r(C)

C

Fig. 13.4 The angular devi-
ation between the polygonal
line P and the curve C at
m is αm

P

C m

pr(m)
αm

be the angle between the tangent spaces TmW and Tpr(m)Mn.1 The function α is
called the angular deviation function of W with respect to Mn.

• Moreover, we put {
αmin = infm∈W αm,

αmax = maxm∈W αm.
(13.1)

• The angle αmax is called the deviation angle of W with respect to Mn (Fig. 13.4).

1 By definition, the angle between two n-dimensional vector subspaces V1 and V2 of E
N is the

absolute value of the determinant of any orthogonal matrix, sending an orthonormal frame of V1
onto an orthonormal frame of V2. The angle between two affine n-dimensional subspaces is the
angle between their associated vector subspaces.
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13.2 A General Evaluation Theorem for the Volume

The following result shows that, if W is an n-dimensional submanifold (with enough
regularity to have a tangent space almost everywhere) closely near Mn, then the n-
volume of Mn is bounded from above and below by quantities depending on the
n-volume of W , the Hausdorff distance between W and Mn, the curvature of Mn,
and the deviation angle.

13.2.1 Statement of the Main Result

Theorem 38. Let Mn be a (compact oriented) C2-submanifold in E
N. Let W be an

n-dimensional submanifold,2 closely near Mn. Then

Voln(Mn) =
∫

W

cos αm

∑n
k=0Ξkpr(m)δ k

m
dvW , (13.2)

where Ξkpr(m) denotes the kth-symmetric function associated to the Weingarten endo-

morphism of Mn in the direction ξpr(m) =
−−−−→
pr(m)m

|
−−−−→
pr(m)m|

and δm = |
−−−−→
pr(m)m|.

13.2.2 Proof of Theorem 38

Strictly speaking, the normal vector field on Mn ξpr(m) =
−−−−→
pr(m)m

|
−−−−→
pr(m)m|

is only defined

when m ∈W does not lie in Mn. If the intersection of Mn and W is a (Borel) subset
B, then the measure of B considered as a subset of Mn is obviously the same as the
measure of B considered as a subset of W . Moreover, α = 0, δ = 0 on B, and the
integrated function in (13.2) equals 1 on B. Consequently, the result is trivial if one
restricts the study on B. That is why we suppose that the normal vector field ξ is
nowhere null.

The proof of Theorem 38 is a consequence of the study of the differential of the
projection map. We summarize its main properties (see [43, 66]).

Lemma 3. Let Mn be a smooth submanifold of E
N without boundary and let UMn

be an open subset of E
N where the map pr : UMn → Mn is well defined. Then:

1. The map pr is C1 in UMn .
2. For all m ∈ UMn , for all Z orthogonal to Tpr(m)Mn, and for all Xm parallel to

Tpr(m)Mn,

2 As above, with enough regularity to have a tangent space almost everywhere, for instance C1-
almost everywhere.
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{

Dpr(m)(Zm) = 0,

Dpr(m)(Xm) = (Id +δmAξpr(m)
)−1(Xm),

(13.3)

where Apr(m) is the Weingarten endomorphism of Mn at the point pr(m) in the

direction ξpr(m) =
−−−−→
pr(m)m

|
−−−−→
pr(m)m|

.

3. In particular, let
(e1

pr(m), ...,e
n
pr(m),ν

n+1
pr(m), ...,ν

N
pr(m))

be a local orthonormal frame of Tpr(m)E
N such that

(e1
pr(m), ...,e

n
pr(m))

is a unit frame of principal vectors of Mn at pr(m) in the direction ξpr(m), with
principal curvatures

λ 1
pr(m), ...,λ

k
pr(m), ...,λ

n
pr(m),

and
(νn+1

pr(m), ...,ν
N
pr(m))

are normal to Mn. In these two frames, the matrix of

Dpr(m) : E
N → Tpr(m)M

n

is given by
⎛

⎜⎜⎜⎜⎜
⎜⎜
⎝

1
1+δmεmλ 1

pr(m)
... 0 ... 0 0 ... 0

... ... ... ... ... ... ... ...
0 ... 1

1+δmεmλ k
pr(m)

... ... ... ... 0

... ... ... ... ... ... ... ...
0 ... 0 ... 1

1+δmεmλ n
pr(m)

0 ... ...

⎞

⎟⎟⎟⎟⎟
⎟⎟
⎠

,

where δm = |
−−−−→
pr(m)m| and εm = ±1 depending on the orientation of the normal

local frame.

Sketch of proof of Lemma 3

• The projection map pr from UMn to Mn is constant on each straight line
[m,pr(m)], from which we deduce the first item.

• Consider now the submanifold Vδ parallel to Mn at distance δ (with δ small
enough). The restriction of the projection map pr to Vδ is one to one and its
inverse is the one-to-one map

p → p+δξ ,
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where ξ is the suitable unit normal vector field on Mn. Computing the differential
of these two one-to-one maps gives the second item.

• The rest of the proof is obvious. �
Consider now the submanifold W lying in UMn . Since W is differentiable almost

everywhere, the function pr is differentiable at almost every point of W . We apply
the general coarea formula (Theorem 19):

Voln(Mn) =
∫

Mn
dvMn =

∫

W
|JnDpr(m)| dvW (m),

where JnDpr(m) is the n-dimensional Jacobian of pr at m. At a point m of W admit-
ting a tangent space, JnDpr(m) equals the determinant of the linear map

Dpr|W : TmW → Tpr(m)M
n.

Since W is closely near Mn, pr|W is one to one between W and Mn. Therefore,

Voln(Mn) =
∫

M
|Dpr|W (m)| dvW (m) =

∫

W

cosαm

∑n
k=0Ξkpr(m)δ k

m
dvW .

One deduces immediately Theorem 38.

13.3 An Approximation Result

To deduce an approximation result from Theorem 38, we need to introduce a new
geometric invariant as follows.

Definition 35. Let Mn be a smooth submanifold of E
N :

• The function
ωMn : UMn → R

defined by
ωMn(m) = |A−−−−→

pr(m)m
|pr(m)

is called the relative curvature function with respect to Mn.
• If W is any subset lying in UMn , the real number

ωMn(W ) = sup
m∈W

ωMn(m)

is called the relative curvature of W with respect to Mn.

Remarks

• At every point m ∈UMn outside Mn, one can write

ωMn(m) = |
−−−−→
pr(m)m||Aξ |pr(m),
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where ξm =
−−−−→
pr(m)m

|
−−−−→
pr(m)m|

. Now, |Aξ |pr(m) is the norm of the Weingarten endomorphism

of Mn in the direction ξ , i.e., the maximum of the absolute value of the principal
curvatures of Mn at pr(m)) in the direction ξ .

• If W lies in Ur(Mn), where r is the reach of Mn, one has

ωMn(W ) ≤ 1.

In fact, for every m ∈W , the point m−2
−−−−→
mpr(m) (i.e., the orthogonal symmetric

of m with respect to the tangent space of Mn at pr(m)) belongs to Ur(Mn).

As an immediate consequence of Theorem 38, we get the following result.

Theorem 39. Let Mn be a (compact oriented) C2-submanifold in E
N. Let W be an

n-dimensional submanifold, closely near Mn. Then

cosαmax

(1+ωMn(W ))n Voln(W ) ≤ Voln(Mn) ≤ cosαmin

(1−ωMn(W ))n Voln(W ). (13.4)

In particular,

|Voln(Mn)−Voln(W )| ≤ K(Mn)(αn
max +ωMn(W )) (13.5)

and
|Voln(Mn)−Voln(W )| ≤ K(Mn)(αn

max +d(Mn,W )), (13.6)

where K is a constant depending only on the geometry of Mn.

We deduce the following corollary.

Corollary 2. Let Mn be a (compact oriented) C2-submanifold in E
N. Let Wp be a

sequence of n-dimensional submanifolds C1-almost everywhere, closely near Mn. If
(Fig. 13.5)

1. the Hausdorff limit of Wp is Mn when p tends to infinity,

Fig. 13.5 If the Hausdorff
distance and the maximum
angle between W and M tend
to 0, then the volume of W
tends to the volume of M

m’

αm

pr(m)

m

d(m’,M)

Wp

M
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2. the deviation angle αmax of Wp with respect to Mn tends to 0-almost everywhere
when p tends to infinity,

then
lim
p→∞

Voln(Wp) = Voln(Mn).

13.4 A Convergence Theorem for the Volume

As an application of Theorem 38, we deal now with a sequence of polyhedra (which
are PL-submanifolds and then C∞ on an open subset of full measure) converging
to a smooth submanifold. Following Fu [48], we shall retain the assumption on
Hausdorff convergence, but we remove the assumption on the deviation angle and
replace it by an assumption on the fatness of the polyhedra. Note that this new
assumption is intrinsic, in the sense that it does not relate the sequence of polyhedra
with the smooth submanifold. It only requires that “the angles of the simplices do
not tend to 0.” We then obtain a nice convergence theorem for the volumes.

13.4.1 The Framework

First of all, we need to improve our background on polyhedra (see Chap. 6). Let P
be a polyhedron of E

N , endowed with a fixed triangulation.3 We denote by:

• SP the set of all simplices of P and by Sk
P the set of all k-simplices of P.

• In particular, we denote by VP the set of all vertices of P.
• We denote by EP the set of all edges of P.

13.4.1.1 Fatness of a Triangulated Polyhedron

The fatness of a polyhedron is the main invariant, which will be involved in our
convergence theorem.

Definition 36. Let σ be a k-simplex of E
N and let P be a polyhedron of E

N :

1. The size of σ is the real number

ε(σ) = max
e∈Eσ

l(e),

where l(e) denotes the length of e.

3 We could consider all the triangulations of P but, to simplify our exposition, we fix one of them.
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Fig. 13.6 A(t) = 1
2 l1l2 sinα;

so, if the quotient of the
area of t by the square of
the longest edge is “not too
small,” then each angle of t is
“not too small”

l1

α3 α2

t

α1

l3

l2

2. The fatness of σ is the real number

Θ(σ) = min
j∈{0,...,k}

{Vol j(µ)
ε(σ) j ,µ ∈ Sk

σ}.

3. The fatness of P is the real number

Θ(P) = min
σ∈SP

Θ(σ).

In other words, “the fatness of a polyhedron is not too small if the angles of its
triangles are not too small.”

For instance, consider a triangle t in E
2 with e1,e1,e3 its three edges. Suppose

that the length of the longest edge is l. Then, each angle α of t satisfies (Fig. 13.6)

A(t)
l2 ≤ 1

2
sinα,

where A(t) denotes the area of t. Consequently,

Θ(t) ≤ sinα.

13.4.1.2 Polyhedron Closely Inscribed in a Submanifold

Definition 37. Let P be a triangulated polyhedron and Mn be a submanifold of E
N .

We say that:

1. P is inscribed in Mn if:

a. All vertices of P lie in Mn.
b. All vertices of ∂P lie in ∂Mn.

2. P is closely inscribed in Mn if:

a. P is inscribed in Mn.
b. P is closely near Mn.
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In particular, if a polyhedron P is closely inscribed in Mn, then P lies in Ur(Mn)
and the orthogonal projection onto Mn induces an homeomorphism from P to Mn

and from ∂P to ∂Mn. Consequently, its dimension is n.

13.4.2 Statement of the Theorem

The results of this section are due to Fu [48]. Since the smooth submanifolds we
consider in this book are C2 (with or without C2-boundaries), we state Theorems 40
and 41 with this assumption. However, they can be weakened by considering C1,1-
submanifolds. The convergence of the volume is the consequence of the following
theorem.

Theorem 40. Let Mn be a (compact) smooth submanifold of E
N. Let (Pp)p∈N

be a
sequence of polyhedra closely inscribed in Mn such that:

1. The Hausdorff limit of Pp tends to Mn when p tends to infinity.
2. The fatness of Pp is uniformly bounded from below by a positive constant:

∃c > 0 such that ∀p ≥ 0,Θ(Pp) > c > 0.

Then, the sequence of deviation angles αmaxp of (Pp)p∈N
with respect to Mn tends

to 0 when p tends to infinity.

The fatness assumption is clearly crucial. We leave the complete proof of this
theorem to the reader (see [48] for details). In Chap. 15, we give a precise proof
of it in the particular case of two-dimensional polyhedra converging to a smooth
surface in E

3. As an immediate consequence of Theorem 40 and Corollary 2, one
gets immediately the following result.

Theorem 41. Let Mn be a smooth submanifold of E
N with smooth boundary. Let

(Pp)p∈N
be a sequence of polyhedra closely inscribed in Mn such that:

1. The Hausdorff limit of Pp tends to Mn when p tends to infinity.
2. The fatness of Pp is uniformly bounded from below by a positive constant:

∃c > 0 such that ∀p ≥ 0,Θ(Pp) > c > 0.

Then,
lim
p→∞

Voln(Pp) = Voln(Mn).



Chapter 14
Approximation of the Length of Curves

We have seen in Chap. 13 that the length of a curve is classically defined as the
supremum of the lengths of polygonal lines inscribed in it. Our purpose here is to
compare the length of a given smooth curve with the length of a curve close to it, or
more precisely with the length of a polygonal line inscribed in it.

14.1 A General Approximation Result

Adapting our general Theorem 38, we get immediately the following result.

Theorem 42. Let γ be a (compact) C2-curve in E
N and C be a curve (differentiable

almost everywhere), closely near S. Then,

l(γ) =
∫

C

cosαm

1+ kpr(m) < n,
−−−−→
pr(m)m >

dm, (14.1)

where:

• For (almost) every point m ∈C, α is the deviation angle function.
• kpr(m) is the curvature of γ at pr(m).
• n denotes the principal normal vector of γ .

In other words, one obtains the length of γ by integrating on C a combination
of the distance between γ and C, the deviation angle function, and the curvature
function of γ .

Let Uγ be a neighborhood of γ on which the orthogonal projection onto γ is well
defined. Introducing the relative curvature defined in Definition 35 and the notations
(13.1), we get from Theorem 42 the following result.

Theorem 43. If γ is a (compact) C2-curve in E
N and C is a curve (differentiable

almost everywhere), closely near S, then

139
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cosαmax

1+ωγ(C)
l(C) ≤ l(γ) ≤ cosαmin

1−ωγ(C)
l(C). (14.2)

14.2 An Approximation by a Polygonal Line

Theorem 43 can be improved if the approximating curve is a polygonal line closely
inscribed in γ . This is the goal of this section.

Proposition 8. Let γ be a compact regular smooth curve of E
N with end points p

and q. Assume that [p,q] ⊂Uγ . Then:

1. The length l(γ) of γ satisfies

|−→pq| ≤ l(γ) ≤ |−→pq|
1−ωγ(pq)

. (14.3)

2. The angle θp ∈ [0, π2 ] between −→pq and the tangent vector tp of γ at p satisfies
(Fig. 14.1)

sinθp ≤
kγmax l(γ)

2
, (14.4)

where kγmax is the maximum of the curvature of γ .

In particular, we deduce immediately from (14.3) the following result.

Corollary 3. Let γ be a smooth curve embedded in E
N and P be a polygonal line

closely inscribed in it. Then

l(P) ≤ l(γ) ≤ 1
1−ωγ(P)

l(P).

Proof of Proposition 8

1. The double inequality (14.3) is a direct consequence of (14.2).
2. Without loss of generality, let us assume that

γ : [0, l] → E
N

is an arc length parametrization of the curve. Then

Fig. 14.1 θ is the angle
between the tangent vector at
p and the chord pq t

γθ

p
q
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γ(0) = p and γ(l) = q.

Using a Taylor–Lagrange expansion of γ and setting l = l(γ), we obtain

γ(l)− γ(0) = lγ ′(0)+
∫ l

0
(l − s)γ ′′(s)ds.

Thus,

tp = γ ′(0) =
−→pq
l
− 1

l

∫ l

0
(l − s)γ ′′(s)ds.

Since |γ ′′| = k,

|1
l

∫ l

0
(l − s)γ ′′(s)ds| ≤ kγmax l(γ)

2
,

from which we deduce Proposition 14.4. �
To end this section, let us mention the result of Cohen-Steiner and Edelsbrunner,

which uses Morse theory to give a bound on the difference of the lengths of two
curves, in terms of their total curvatures and their Fréchet distance [45]. The interest
of this result is that it does not use the angle between the tangent vector fields of the
curves, replacing the Hausdorff distance by the Fréchet one.

Theorem 44. Let γ1 and γ2 be two smooth curves in E
N. Then:

• If γ1 and γ2 are closed,

|l(γ1)− l(γ2)| ≤
2sN−1

sN
[
∫

γ1

kγ1 ds+
∫

γ2

kγ2 ds−2π]dF(γ1,γ2).

• If γ1 and γ2 are not closed,

|l(γ1)− l(γ2)| ≤
2sN−1

sN
[
∫

γ1

kγ1 ds+
∫

γ2

kγ2 ds+π]dF(γ1,γ2),

where dF(γ1,γ2) denotes the Fréchet distance between γ1 and γ2.

The details of the proof can be found in [33].



Chapter 15
Approximation of the Area of Surfaces

15.1 A General Approximation of the Area

Let S be a (smooth compact) C2-surface in E
3 and W be a surface closely near S.

Then, Theorem 38 can be stated as follows:

A(S) =
∫

W

cosαm

1+δmHpr(m) +δ 2
mGpr(m)

dvW (m), (15.1)

where α is the angular deviation function of W with respect to S (introduced in
Definition 34), H is the mean curvature of S, and G is the Gauss curvature of S.

Let ωS be the relative curvature function on S (introduced in Definition 35). We
deduce from Theorem 39 the following result [65], [66].

Corollary 4. Let S be a (smooth compact) surface and W be a surface closely near
S, differentiable almost everywhere:

1. Then
cosαmax

(1+ωS(W ))2A(W ) ≤A(S) ≤ cosαmin

(1−ωS(W ))2A(W ).

2. In particular,

|A(S)−A(W )| ≤ K(S)(α2
max +ωS(W ))

and

|A(S)−A(W )| ≤ K(S)(α2
max +d(S,W )),

where K(S) is a constant depending on S and d(S,W ) denotes the Hausdorff
distance between S and W.

In particular, we have the following corollary.
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Corollary 5. Let S be a (smooth compact) surface and (Wp)p∈N
be a sequence of

surfaces of E
3, such that:

1. The Hausdorff distances d(Wp,S) tend to 0 when p tends to +∞.
2. The angular deviations αmaxp tend to 0 when p tends to +∞.

Then
lim
p→∞

A(Wp) = A(S).

15.2 Triangulations

We have seen in Chap. 13 that a “good” approximation of the area of a (smooth)
surface is given by the area of a close surface if the tangent spaces of both surfaces
are close (Theorem 39). We now deal with the particular case of a triangulation T
closely inscribed in a surface S of E

3. We shall show that we can control the angular
deviation αmax of T by the shape of the triangles of T , improving the convergence
Theorem 40.

Before dealing with approximation by triangulations, let us improve our knowl-
edge on the basic geometric invariants defined on a two-dimensional triangulation
T of E

3. We denote by TT the set of triangles of T and by t a generic triangle of T .

15.2.1 Geometric Invariant Associated to a Triangle

First of all, we take the notations of Definition 36:

• The length of the longest edge of t is denoted by ε(t).
• A(t) denotes the area of t.
• The circumradius of t is denoted by r(t).
• The fatness of t is the real number

Θ(t) =
A(t)

ε(t)2 .

Let us now introduce a new geometric invariant adapted to our purpose.

Definition 38. The rightness of a triangle t is the real number

rig(t) = sup
v∈Vt

|sin∠(v)|,

where ∠(v) is the angle at v of t.
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15.2.2 Geometric Invariant Associated to a Triangulation

Globally:

• As usual, the area A(T ) is the sum of the areas of all the triangles of T .
• The circumradius r(T ) of T is

max
t∈TT

r(t).

• The height of T is
ε(T ) = max

t∈TT
ε(t).

• As in Definition 36, the fatness of T is

Θ(T ) = min
t∈TT

Θ(t).

• The rightness of T is
rig (T ) = min

t∈TT
rig (t).

15.3 Relative Height of a Triangulation Inscribed in a Surface

In this section, we assume that a triangulation T is closely near a smooth surface S in
the sense of Definition 33. Our main result will be proved in the more restrictive sit-
uation where the triangulation is closely inscribed in S in the sense of Definition 37.
After the definition of the relative curvature in Chap. 13, which is a mixed invariant
depending on both the geometry of S and a surface close to it, we define now another
mixed invariant associated S and T .

Definition 39. The relative height of T with respect to S is the real number de-
fined by

πS(T ) = sup
t∈T

sup
m∈t

ε(T )|h|pr(m),

where |h|pr(m) denotes as usual the norm of the second fundamental form of S at
pr(m).1

The following simple geometric result compares the relative height πS(T ) with
the relative curvature ωS(T ) defined in Chap. 13.

Proposition 9. Let T be a triangulation closely inscribed in a smooth surface S.
Then:

1. The Hausdorff distance δt between any triangle t and its projection pr(t) onto S
satisfies

1 Or equivalently the maximum of the absolute value of the two principal curvatures of S at pr(m).
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δt ≤ ε(t) ≤ 2r(t).

2. Moreover, ωS(t) ≤ πS(t).

Proof of Proposition 9

1. Let p be a point of a triangle t of T . Since T is inscribed in S,

d(p,pr(t)) ≤ d(p,v) ≤ ε(t),

where v denotes any vertex of t. Conversely, if m is a point of pr(t), consider
the intersection point p of the normal line to S at m with t. Since T is closely
inscribed in S, m is the (unique) orthogonal projection of p onto S and

d(m, t) = d(m, p) ≤ d(p,v) ≤ ε.

Consequently, δt ≤ ε(t).
2. The second item is an immediate consequence of (1). �

15.4 A Bound on the Deviation Angle

We study here the angular deviation αmax between the normal of a smooth surface
S and the normal of a triangulation T closely inscribed in it.

15.4.1 Statement of the Result and Its Consequences

Theorem 45. Let S be a smooth surface and T be a triangulation closely inscribed
in S. Then, the deviation angle αmax between S and T satisfies

sinαmax ≤
( √

10
2 rig(T ) (1−ωS(T ))

+
1

1−ωS(T )

)

πS(T ).

The proof of this theorem will be given at the end of this section. Let us give some
of its consequences.

Corollary 6. Let S be a smooth surface and T be a triangulation closely inscribed
in S. If

πS(T ) ≤ 1
2
,

then the angular deviation αmax of T with respect to S satisfies

sinαmax ≤
(

4
rig(T )

+2
)
πS(T ).

As a consequence, we obtain the following convergence result.
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Corollary 7. Let S be a (compact orientable) smooth surface in E
3. Let Tn be a

sequence of triangulations closely inscribed in S. If

1. the length of the edges of Tn tends to zero when n tends to infinity,
2. the rightness of Tn is (uniformly) bounded from below by a positive constant,

then the sequence of angular deviations of Tn with respect to S tends to 0 when n
tends to infinity.

Since S is compact, the second condition may be weakened by asking that the
sequence πS(Tn) tends to zero when n tends to infinity (in some sense, the length of
the edges may be “large” when the curvature is “small”).

The geometric quantities πS(T ) and rig (T ) are linked to the circumradii of the
triangles of T . If t is a triangle of T , then we have

|h| pr(t)r(t) =
|h|pr(t)ε(t)

2rig(t)
=

πt(pr(t))
2rig(t)

. (15.2)

This implies the following result.

Corollary 8. Let S be a smooth surface and T be a triangulation closely inscribed
in S. Then

αmax ≤ C(S)r(T ),

where C(S) is a constant depending on S. In particular,

αmax = O(r(T )).

15.4.2 Proof of Theorem 45

The proof of Theorem 45 needs technical preparatory lemmas and propositions.

15.4.2.1 A Purely Geometric Result

Lemma 4. Let t be a triangle whose vertices are p, p1, and p2. If αp ∈ [0, π2 rig(t)]
denotes the angle between a normal to the triangle and the axis (O,z), then:

1.

cos2(αp) =
cos2 θ1 cos2 θ2 − sin2 θ1 sin2 θ2 − cos2 γ +2cosγ sinθ1 sinθ2

sin2(θ2 −θ1)+2sinθ1 sinθ2 cos(θ2 −θ1)+ cos2 θ1 cos2 θ2 − sin2 θ1 sin2 θ2 − cos2 γ
,

where θi ∈
[
−π

2 , π2
]

is the angle between p�pi and the orthogonal projection of
p�pi onto the plane orthogonal to (O,z) which contains p (θi ≥ 0 if and only if
the third component of p�pi is positive) and γ ∈]0,π[ is the angle of t at p.
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2. In particular, if |sinθ1| ≤ ε and |sinθ2| ≤ ε , then

sin(αp) ≤
√

10ε
sinγ

.

Proof of Lemma 4 It is a simple computation, which we do not reproduce here. The
complete proof can be found in [66]. �

15.4.2.2 Comparing the Length of a Geodesic and Its Chord

Proposition 10. Let S be a smooth compact surface of E
3, US be a neighborhood of

S where the map pr : US → S is well defined, and p and q be two points on S such
that [p,q] ⊂US and pr(]p,q[) ⊂ S\∂S. Then, the distance lpq between p and q on S
satisfies

−→pq ≤ lpq ≤
1

1−ωS(pq)
−→pq.

Proof of Proposition 10 The left inequality is trivial. On the other hand, since
pr([p,q]) is a curve on S, its length is larger than the length lpq of the minimal
geodesic on S whose ends are p and q. Therefore, using the mean value theorem,
one has

lpq ≤ l( pr([p,q])) ≤ sup
m∈]p,q[

|D pr(m)| pq.

Since Proposition 3 implies that

|D pr(m)| ≤ 1
1−|pr(m)−m||h|pr(m)

≤ 1
1−ωS(pq)

,

Proposition 10 is proved. �

15.4.2.3 Comparing the Normals at a Vertex

Proposition 11. Let S be a smooth surface, t be a triangle closely inscribed in S,
and p be a vertex of t. Then, the angle αp ∈

[
0, π2

]
between the normals of S and t

at p satisfies

sin(αp) ≤
√

10 πS(t)
2 sinγp (1−ωS(t))

,

where γp is the angle of t at p.

This proposition is a consequence of the following lemma.

Lemma 5. Let S be a smooth surface and let p,q ∈ S such that [p,q] ⊂ S. Then, the
angle θ ∈

[
0, π2

]
between −→pq and the orthogonal projection of −→pq onto TpS satisfies
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sinθ ≤ |hS|lpq

2
,

where |hS| denotes the supremum over S of the norm of the second fundamental form
of S and l is the distance on S between p and q.

The proof of Lemma 5 is similar to that of Proposition 8.

Proof of Proposition 11 Denote by l1 the distance on S between p and p1, and by
l2 the distance on S between p and p2. Since T is closely inscribed in S, thanks to
Corollary 10, we obtain

l1 ≤
pp1

1−ωS(T )
≤ εt

1−ωS(t)
and l2 ≤

εt

1−ωS(t)
.

Therefore, Lemma 5 implies that

sinθ1 ≤
|h| pr(t)l1

2
≤ πS(t)

2(1−ωS(t))
and sinθ2 ≤

πS(t)
2(1−ωS(t))

.

Then, Lemma 4 implies that

sin(αp) ≤
√

10
sinγp

πS(t)
2(1−ωS(t))

=
√

10 πS(t)
2 sinγp (1−ωS(t))

. �

15.4.2.4 Comparing the Normals of a Smooth Surface

Proposition 12. Let S be a smooth compact oriented surface of E
3, t be a triangle

closely inscribed in S, and p and s be two points on T . Then, the angle αsp ∈
[
0, π2

]

between two normals ξpr(p) and ξpr(s) at pr(p) and pr(s) satisfies

sin(αsp) ≤
πS(t)

1−ωpr(t)(t)
.

This proposition is the consequence of the following lemma, which is a direct
application of the mean value theorem.

Lemma 6. Let S be a smooth compact oriented surface of E
3 and a and b be two

points of S. Then, the angle αab ∈
[
0, π2

]
between two normals ξa and ξb at a and b

satisfies

sin(αab) ≤ |hS|lab,

where lab is the distance on S between a and b.2

2 By definition, lab is the infimum of the lengths of the curves on S linking a and b.
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The proof of Proposition 12 is an obvious consequence of Lemma 6 and
Corollary 4.

Theorem 45 can be immediately deduced from Propositions 11 and 12, since

sin(αs) ≤ sin(αp)+ sin(αsp).

15.5 Approximation of the Area of a Smooth Surface by the Area
of a Triangulation

A direct application of Theorem 45 gives the following result.

Corollary 9. Let S be a (compact orientable) C2-surface in E
3 and T be a triangu-

lation closely inscribed in S. If
(

4
rig(T )

+2
)
πS(T ) ≤ 1,

then the area of S satisfies
√

1− ( 4
rig(T ) +2)2πS(T )2

(1+ωS(T ))2 A(T ) ≤A(S) ≤ 1
(1−ωS(T ))2A(T ).

Corollary 10. Let S be a (compact orientable) C2-surface in E
3. Let Tn be a se-

quence of triangulations closely inscribed in S. If

1. the length of the edges of Tn tends to zero when n tends to infinity,
2. the rightness of Tn is (uniformly) bounded from below by a positive constant,

then
lim
n→∞

A(Tn) = A(S).

Using (15.2), we also have the following result.

Corollary 11. Let S be a smooth surface and T be a triangulation closely inscribed
in S. Then

|A(T )−A(S)| ≤ C(S)r(T ),

where C(S) is a constant depending on S.



Chapter 16
The Steiner Formula for Convex Subsets

This chapter is devoted to the computation of the volume of the parallel body of a
convex body K at distance ε (see the definition below). It appears that the convexity
of K implies that this volume is polynomial in ε , the coefficients (Φk(K),0≤ k ≤N)
depending on the geometry of K [77]. Up to a constant, these coefficients (called
the Quermassintegrale of Minkowski) are the valuations, which appear in Defini-
tion 23 and Theorem 28 of Hadwiger. Moreover, these coefficients can be easily
evaluated when the boundary of K is smooth: up to a constant depending on N,
they are the integral of the kth-mean curvatures of the boundary ∂K of K. That is
why they are good candidates to generalize the curvatures of a smooth hypersurface:
they can be defined for any convex subset, even if its boundary is not of class C2.
We shall say that the sequence Φk(K) defines the kth-mean curvatures of K (and
by extension if there is no possible confusion, the kth-mean curvatures of ∂K). Of
course, the explicit evaluation of these curvatures cannot be done by differentia-
tions of a parametrization of the boundary, because of the lack of differentiability.
We shall directly evaluate them for convex polyhedra. All these techniques will be
generalized in the next chapters to objects which are not convex, but which have
geometrical properties close to those of convex bodies.

16.1 The Steiner Formula for Convex Bodies (1840)

The Steiner formula gives the behavior of the volume of the tube Kε of radius ε of a
convex subset K of E

N (see Definition 9). It will be proved that it is a polynomial in
ε , whose coefficients depend only on K and the dimension N of the ambient space.

Theorem 46. Let K be a convex subset of E
N. Then,

VolN(Kε) =
N

∑
k=0

Φk(K)εk,∀ε ≥ 0. (16.1)

153
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Moreover,
Φ0(K) = VolN(K). (16.2)

The coefficients Φk(K) are called the Quermassintegrale of Minkowski and the
polynomial itself is called the Steiner polynomial.

Proof of Theorem 46 The following proof uses the Cauchy formula, given in
Theorem 27. We proceed by induction on the dimension N of the ambient space:

• For N = 1, it is trivial, since in this case K is a point or segment, and

Vol1(Kε) = Vol1(K)+2ε.

• Suppose that the formula is true up to N − 1. Let ρ be a real number such that
0 ≤ ρ ≤ ε . Consider the projection KρPN−1 of Kρ onto any hyperplane PN−1 of
E

N . The subset KρPN−1 is still convex and one can apply the induction assumption

VolN−1(KρPN−1) =
N−1

∑
k=0

Φk(KPN−1)ρk,∀ρ ≥ 0. (16.3)

• Using an integration by slice (Theorem 32), one has

VolN(Kε) = VolN(K)+
∫ ε

0
VolN−1(∂Kρ)dρ.

• Now, we evaluate VolN(∂Kρ) by the Cauchy formula (Theorem 27)

VolN(Kε) = VolN(K)+
∫ ε

0
c(N)

∫

G(N,N−1)
VolN−1(KρPN−1 )dPN−1dρ.

• We replace VolN−1(KρPN−1 ) by its value in (16.3)

VolN(Kε) = VolN(K)+
∫ ε

0
c(N)

∫

G(N,N−1)
(

N−1

∑
k=0

Φk(KPN−1)ρk)dPN−1dρ,

and integrating in ρ , we find that

VolN(Kε) =
N

∑
k=0

Φk(K)εk (16.4)

with suitable Φk. �

An Important Remark Although we do not specify the dimension of the ambi-
ent space in the notations of the Quermassintegrale, their values depend on it. In
fact, the parallel body of K considered in E

N is different to the one considered in
E

N′
, N 
= N′. To avoid any confusion, it is better to denote the Quermassintegrale

by Φk,N(K). If we consider the standard embedding of E
N in E

N+1, then
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1
bk
Φk,N(K) =

1
bk+1

Φk+1,N+1(K), (16.5)

where bk denotes the volume of the unit k-dimensional ball. In other words, intro-
ducing the quantities

Λk,N(K) =
1

bN−k
ΦN−k,N(K), (16.6)

(16.4) can be written

VolN(Kε) =
N

∑
k=0

ΛN−k,N(K)bkεk,∀ε ≥ 0 (16.7)

and (16.5) becomes
Λi,N = Λi,N+1. (16.8)

We conclude that the coefficients Λi,N depend only on (i and) the geometry of K
and not on the dimension of the ambient space. One says that they are intrinsic.
Consequently, since any convex subset K is a convex body of an affine space of
minimum dimension P, the only interesting Quermassintegrale are the Φk,P(K).
So, without loss of generality and when no confusion is possible, we can assume
from now on that K is a convex body of E

N .
Warning! The word intrinsic has different meanings in geometry. Here, it means
that the studied quantity does not depend on the dimension of the ambient space.

16.2 Examples: Segments, Discs, and Balls

The Steiner formula can be checked in particular cases by a direct computation: as
we have seen in the proof of Theorem 46, the simplest (trivial) example occurs with
N = 1. In this case, K is an interval I and we have

l(Iε) = l(I)+2ε,

where l denotes the length (Fig. 16.1).
When N = 2 or 3, we have the following results, in which A denotes the area:

1. If N = 2 and

• p is a point in E
2, then (Fig. 16.2)

A({p}ε) = πε2;

Fig. 16.1 The tube of radius
ε of a segment I in R I

ε ε
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Fig. 16.2 The tube of radius
ε of a point in E

2

ε

Fig. 16.3 The tube of radius
ε of a segment in E

2 ε

Fig. 16.4 The tube of radius
ε of a disc in E

2

ε

D

• I is a segment in E
2, then (Fig. 16.3)

A(Iε) = 2l(I)ε +πε2;

• if D is a disc in E
2, then (Fig. 16.4)

A(Dε) = A(D)+ l(∂D)ε+πε2.

2. If N = 3 and

• p is a point in E
3, then (Fig. 16.5)

Vol3({p}ε) =
4
3
πε3;
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Fig. 16.5 The tube of radius
ε of a point in E

3

ε

Fig. 16.6 The tube of radius
ε of a segment in E

3 ε

Fig. 16.7 The tube of radius
ε of a ball of radius r in E

3

r
ε

• I is a segment in E
3, then (Fig. 16.6)

Vol3(Iε) = πl(I)ε2 +
4
3
πε3;

• if B is a ball of radius r in E
3, then

Vol3(Bε) = Vol3(B)+4πr2ε +4πrε2 +
4
3
πε3,

where r denotes the radius of the ball B (Fig. 16.7).
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16.3 Convex Bodies in E
N Whose Boundary is a Polyhedron

In this section, we deal with the case where the boundary ∂Kε of the convex body
K is a polyhedron (we can reduce our study to the case of a body using (16.8)).
Let us compute the coefficients of the Steiner polynomial. We use the notations and
definitions given in Chap. 6.

Theorem 47. Let K be a convex body of E
N whose boundary ∂K is a polyhedron.

Then

VolN(Kε) =
k=N

∑
k=0

Φk(K)εk. (16.9)

The coefficient Φk(K) can be evaluated as follows:

• If σN is any simplex of E
N, then

Φk(σN) = ∑
σN−k⊂∂σN

VolN−k(σN−k)(σN−k,σN)∗. (16.10)

• More generally, for any convex body K,

Φ0(K) = VolN(K),
Φ1(K) = VolN−1(∂K),

ΦN(K) = VolN(BN),

(16.11)

and ∀k,1 < k < N,

Φk(K) = ∑
σN−k⊂∂K

VolN−k(σN−k)(σN−k,σN)∗, (16.12)

where:

– σN−k denotes a generic (N − k)-face of ∂K.
– (σN−k,σN)∗ denotes the normalized dihedral external angle1 of σN−k in σN.
– B

N denotes the unit ball of E
N.

When N = 3, the formula becomes the following (we denote by l(a) the length
of the edge a and by ∠(a) the dihedral angle of the edge a):

Vol3(Kε) = Vol3(K)+A(∂K)ε+( ∑
a∈∂K

∠(a)l(a))ε2 +
4
3
πε3. (16.13)

Sketch of proof of Theorem 47 We shall decompose Kε into a union of subsets
“lying above the k-faces” (0 ≤ k ≤ N) and evaluate the volume of each portion.
Note that

∂K = ∪0≤k≤N−1F k,

1 This angle has been defined in Chap. 6.
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where F k is the union of the k-faces of ∂K. Let σ k be any k-face of ∂K. We define

Bk(σ k,ε) = ∪ξ∈Lm,m∈σk [m,m+ εξ ],

where Lm denotes the basis of the normal cone C⊥(σ k) at any point m of σ k (see
Chap. 6). Note that

VolN(Bk(σ k,ε)) = VolN(L(σ k))εk.

On the other hand,

Kε = K∪0≤k≤N−1 ∪σk∈∂KBk(σ k,ε).

Since the intersection of two portions of the previous union is empty or has a null
N-measure, we deduce that

VolN(Kε) = VolN(K)+ ∑
0≤k≤N−1

VolN(Bk(σ k,ε)),

from which we get (16.9). Clearly,

Φ0(K) = VolN(K), and Φ1(K) = VolN−1(∂K),

since for any (N −1)-face σN−1 and for any m ∈ σN−1 Lm is reduced to a point.
Finally, the union of the basis L(σ0) over all 0-simplices is an (N − 1)-sphere

S
N−1, from which we obtain

ΦN(K) = VolN(BN).

Details and further results can be found in [9, Tome 3, 12.2,12.3]. �

16.4 Convex Bodies with Smooth Boundary

Now, we deal with the case where K is a convex body with smooth boundary
∂K (once more, we can reduce our study to the case of a body using (16.8)).
We shall compute the coefficients of the Steiner polynomial. Using classical dif-
ferential geometry, we prove that the coefficients Φk(K) are proportional to the
(global) (k−1)th-mean curvatures (also called global Lipschitz–Killing curvatures)
Mk−1(∂K) of ∂K, defined by

Mr(∂K) =
1

Cr
N−1

∫

∂K
Ξkdv∂K, (16.14)

Ξk denoting the kth-elementary symmetric function of the principal curvatures
λ1, ...,λN−1 of ∂K. The Steiner formula can be stated as follows.
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Theorem 48. Let K be a convex body in E
N whose boundary ∂K is a hypersurface

of class C2. Then

VolN(Kε) =
k=N

∑
k=0

Φk(K)εk, (16.15)

with

Φ0(K) = VolN(K), (16.16)

and, for each k ≥ 1,

Φk(K) =
Ck

N
N

Mk−1(∂K). (16.17)

Thus, the Steiner formula can be stated as follows:

VolN(Kε) = VolN(K)+
N

∑
k=1

Ck
N

N
Mk−1(∂K)εk,∀ε ≥ 0. (16.18)

In particular, if K is a convex body in E
3 with smooth boundary, then

Vol3(Kε) = Vol3(K)+A(∂K)ε +(
∫

∂K
Hda)ε2 +

1
3
(
∫

∂K
Gda)ε3, (16.19)

where H (resp., G) denotes the mean curvature (resp., Gauss curvature) of ∂K.
Note that the Gauss–Bonnet theorem implies that the last term is equal to 4

3πε
3

since K is convex. Consequently, we can state that

Vol3(Kε) = Vol3(K)+A(∂K)ε+(
∫

∂K
Hda)ε2 +

4
3
πε3. (16.20)

Proof of Theorem 48 Let

x : ∂K→ E
N

be an isometric immersion of ∂K into E
N . If ξ denotes a generic (outward) unit

normal vector field, then

φ(t) = x+ tξ

generates ∂Kt in E
N .

Let (ei,1 ≤ i ≤ N−1) be a local frame on ∂K. Without loss of generality, we can
assume that they are principal vectors of K in the direction ξ . For every i,1 ≤ i ≤
N −1, we have

Aξ ei = λξ
i ei,

where λξ
i denotes the principal curvatures of K (with respect to ξ ). Then

dφt(ei) = ei +Atξ ei = ei + tλξ
i ei.
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Consequently, the volume form dv∂Kt of ∂Kt satisfies

dv∂Kt = (ω1 + tλξ
1 ω

1)∧ ...∧ (ωN−1 + tλξ
N−1ω

N−1) =

∑
k
Ξk(ξ )tkω1 ∧ ...∧ωN−1,

where (ω i,1 ≤ i ≤ N −1) is the dual frame of (ei,1 ≤ i ≤ N −1). Then

VolN(Kε) = VolN(K)+∑
k

∫ t=ε

t=0
Ξk(ξ )dv∂Kt t

kdt,

i.e.,

VolN(Kε) = VolN(K)+
N

∑
k=1

Ck
N

N
Mk−1(∂K),

which implies (16.18).
Details and further results can be found in [73, Chap. 13, Sect. 5]. �

16.5 Evaluation of the Quermassintegrale by Means
of Transversal Integrals

We have seen in the previous sections that the Quermassintegrale can be evaluated
in some particular cases in terms of local invariants: angles, lengths for polyhe-
dra, and principal curvatures when the boundary is smooth. We give here a global
interpretation of these quantities by means of transversal integrals introduced in
Definition 24, using the Cauchy and Kubota formulas (see Theorems 27 and 29).

Theorem 49. Let K be a convex body of E
N. Then, for every k,

Φk(K) = Ck
NWk(K), (16.21)

where Wk denotes the kth-transversal integral of K.

Consequently, the Steiner formula can be stated as follows:

∀ε ≥ 0,VolN(Kε) =
N

∑
k=0

Ck
NWk(K)εk. (16.22)

Proof of Theorem 49 We prove this theorem by induction on the dimension N
of the ambient space:

• For N = 1, the result is trivial.
• We assume that the result is true up to N − 1. In particular, for each hyperplane

PN−1, we have
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∀ρ ≥ 0,VolN−1(KρPN−1 ) =
N−1

∑
k=0

Ck
NWk(KPN−1)ρk. (16.23)

On the other hand,

VolN(Kε) = VolN(K)+
∫ ε

0
VolN−1(∂Kρ)dρ. (16.24)

Using the Cauchy formula (Theorem 27), we get

VolN−1(∂Kρ) =
∫

G(N,N−1)
VolN−1(KρPN−1 )dPN−1.

Using induction, we have

∫

G(N,N−1)
VolN−1(KρPN−1 )P

N−1 =
N−1

∑
0

Ck
N

∫

G(N,N−1)
Wk(KPN−1)ρkPN−1.

By the Kubota formula (Theorem 29), we get

∫

G(N,N−1)
VolN−1(KρPN−1 )P

N−1 =
N−1

∑
0

Ck
NWk+1(KPN−1)ρk.

We deduce that

∀ε ≥ 0,VolN(Kε) =
N

∑
k=0

Ck
NWk(K)εk. � (16.25)

16.6 Continuity of the Φk

It is interesting to note that the coefficients Φk satisfy continuity properties. We
have already seen that Φ0 (i.e., the N-volume) and Φ1 (i.e., the (N − 1)-volume of
the boundary) are continuous on the set Cb of convex bodies of E

N endowed with
the Hausdorff topology (see Theorem 26). Since the other Φk are proportional to the
transversal integrals Wk, which are continuous valuations (see Proposition 6), they
are themselves continuous.

As an application of the Steiner formula (Theorem 46), we shall be more precise
as follows.

Theorem 50. Let K and K′ be convex bodies of E
N whose Hausdorff distance is

smaller than ρ . Then for each k,0 ≤ k ≤ N, there exists a constant Ck(N,K) (de-
pending only on the Quermassintegrale of K and the dimension N of the ambient
space) such that

|Φk(K)−Φk(K′)| ≤Ck(N,K)ρ. (16.26)



16.6 Continuity of the Φk 163

Sketch of proof of Theorem 50 The proof is by induction on k. For k = 0, the result
is a consequence of Theorem 46: since K′ ∈ Kρ ,

|VolNK′−VolNK| ≤ |VolNKρ −VolNK|.

Using the Steiner formula, one has

|VolNKρ −VolNK| ≤C0(N,K)ρ,

where C0(N,K) is a constant depending on the dimension of the ambient space
and the Quermassintegrale of K. Consequently, the first part of Theorem 50 is
proved for k = 0. One completes the proof by induction, using the Kubota formula
(Theorem 29), since the coefficients Φk are proportional to the coefficients Wk. �

Remarks

• It is important to note that Theorem 50 gives quantitative informations: the
knowledge of the geometry of K and the Hausdorff distance between K and K′

give a bound on the difference of the transversal integrals.
• It must also be noted that the assumption of convexity is crucial to obtain conti-

nuity results for every Φk. For instance, we have seen in Chap. 3 the well-known
example of the Lantern of Schwarz in E

3, which shows that the area is not con-
tinuous with respect to the Hausdorff topology.

• As an obvious consequence of Theorem 50, if (Kn)n≥0 is a sequence of convex
bodies of E

N whose Hausdorff limit is the (compact) convex subset K, then

∀k ≥ 0, lim
n→∞

Φk(Kn) = Φk(K). (16.27)

Note that the dimension of K may be different to the dimension of Kn. For in-
stance, a sequence of “full cylinders” with the same axis and radius 1

n may tend
to a straight line. In this case, the limit is not a body and one can use directly
(16.5) to compute its Quermassintegrale.

• In E
3, the only interesting information given by Theorem 50 is the behavior of

the mean curvature of closed surfaces: we deduce from (16.13) and (16.20) the
following result.

Corollary 12. Let Pn be a sequence of convex polyhedra in E
3 whose Hausdorff

limit is a (closed convex) surface S. Then, the mean curvature H of S satisfies
∫

S
Hda = lim

n→∞∑an

∠(an)l(an) (16.28)

(l(an) denoting the length of the edge an, ∠(an) the dihedral angle of the edge a,
and H the mean curvature of S).

Warning! Noncontinuity of Pointwise Curvatures. At this step, it must be no-
ticed that, although we have a global continuity result on the collection of convex
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subsets of E
N , there is nonpointwise continuity. For instance, consider the hyper-

sphere S
N−1 ⊂E

N , a point m on it, and the normal line ξm of S
N−1 at m. Let Kn be a

sequence of (convex) polyhedra which tend to unit ball BN for the Hausdorff topol-
ogy, such that the sequence mn of points obtained by intersecting the normal line
ξm with ∂Kn are smooth points of ∂Kn. The curvatures of ∂Kn at mn are obviously
null since the ∂Kn are totally geodesic at the interior points of their (N − 1)-faces,
although the curvatures at every point of S

N−1 are 1.

16.7 An Additivity Formula

It is also interesting to note that each Quermassintegrale satisfies an additivity for-
mula. Indeed, if K1 and K2 are two convex bodies of E

N , then their N-volumes
satisfy

VolN(K1 ∪K2) = VolN(K1)+VolN(K2)−VolN(K1 ∩K2). (16.29)

(This formula is obviously true even if K1 and K2 are not convex since the N-volume
VolN(K) is nothing but the Lebesgue measure of the subset K.)

Moreover, we have seen in Proposition 6 that every transversal integral Wk is a
valuation and then is additive. Consequently,

Wk(K1 ∪K2) = Wk(K1)+Wk(K2)−Wk(K1 ∩K2) (16.30)

and
Φk(K1 ∪K2) = Φk(K1)+Φk(K2)−Φk(K1 ∩K2). (16.31)



Chapter 17
Tubes Formula

In Chap. 16, we have seen that the volume of the parallel body of a convex body
with smooth boundary is a polynomial whose coefficients depend on the second
fundamental form of the boundary. This formula has been generalized by Weyl [82]
for the volume of tubes around any smooth submanifold in E

N , with or without
boundary.

17.1 The Lipschitz–Killing Curvatures

In Chap. 11, we have defined the notion of kth-mean curvature of a submanifold Mn

of E
N of any codimension. Using the Gauss equation (11.17) and integration over

the fibers of the unit normal bundle (see Theorem 32), Cheeger et al. [25] proved
that these quantities are related to the so-called Lipschitz–Killing curvatures of Mn,
which are intrinsic invariants of Mn, i.e., depending only on the curvature tensor of
Mn and the second fundamental form of its eventual boundary.1

Let us begin with the precise definition of the Lipschitz–Killing curvatures.

Definition 40. Let Mn be a Riemannian manifold (with or without boundary), iso-
metrically embedded in E

N :

1. At each point of Mn\∂Mn, the jth Lipschitz–Killing curvature R j is the n-
differential form locally defined as follows:

• If j is odd, R j is null.
• If j is even, R j is given by

R j =(−1) j/2((n− j)!2 jπ j/2( j/2)!)−1 ∑
σ∈Sn

(−1)σi1...inΩi1
i2
∧ ...∧Ωi( j−1)

i j

∧ω i( j+1) ∧ ...∧ω in .

(17.1)

1 The boundary is considered as a hypersurface of Mn.

165
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2. Similarly, the jth Lipschitz–Killing curvature of ∂Mn in Mn is the (n − 1)-
differential form locally defined by

Hj =∑
k

Qk j, (17.2)

where

Qk j =ck j ∑
σ∈Sn−1

(−1)
σi1...i(n−1)Ωi1

i2
∧ ...∧Ωi(2k−1)

i2k

∧ω i(2k+1)
n ∧ ...∧ω i( j−1)

n ∧ω i j ∧ ...∧ω in−1 ,

(17.3)

with

ck j =

{
(−1)k+1((n− j)!2 jπ( j−1)/2k!( j−1

2 − k)!)−1, if j is odd,
(−1)k((n− j)!2k+ j/2π j/2k!( j−2k−1)!!)−1, if j is even,

where ( j−2k−1)!! = 1.3.5....( j−2k−1).

(The 1-forms (ω1, ...,ωn) are the dual forms of a local orthonormal frame
(e1, ...,en) such that en is normal to ∂Mn; the 1-forms ω j

i are the corresponding
connection forms; and the 2-forms Ωi

j are the curvature forms of Mn. The sum is
over all the permutations σ of n elements.)

In particular:

• R0 is the volume form of Mn.
• Rn is null if n is odd, and proportional to ∑σ Ω

i1
i2
∧ ...∧Ωin−1

in if n is even.

The form Rn is involved in the Gauss–Bonnet theorem as we shall see later.
The link between the notion of kth-mean curvature and kth Lipschitz–Killing cur-

vature is given by the following proposition (in which we identify ST⊥
m Mn with

S
N−n−1 for every m ∈ Mn \∂Mn and ST⊥

m ∂Mn with S
N−n for every m in ∂Mn).

Proposition 13. Let Mn be a compact oriented n-dimensional Riemannian manifold
(with or without boundary), isometrically embedded in E

N:

1. Let m be a (fixed) point of (Mn\∂Mn). Then, Ξk(ξ )m is a function defined on
ST⊥

m Mn such that:

• If k is odd, ∫

S
N−n−1 Ξk(ξ )dξm = 0. (17.4)

• If k is even,

(
∫

S
N−n−1 Ξk(ξ )dξm)dvM = Rk(m), (17.5)

this equality being considered as an equality between two n-forms at each
point m of (Mn \∂Mn).
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2. Let m be a (fixed) point of ∂Mn. Then, Ξk(ξ )m is a function defined on
ST⊥

m ∂Mn = S
N−n such that

(
∫

S
N−n Ξk(ξ )dξm)dv∂Mn = Hk(m), (17.6)

this equality being considered as an equality between two (n−1)-forms at each
point of ∂Mn.

Sketch of proof of Proposition 13 We indicate the proof for a point m ∈ (Mn \
∂Mn):

1. If k is odd (and for a fixed m ∈ (Mn \∂Mn)),
∫

S
N−n−1 Ξk(ξ )dξm = 0, (17.7)

since in this case Ξk(−ξ )m = −Ξk(ξ )m.
2. If k is even (and for a fixed m ∈ (Mn\∂Mn)),

(
∫

S
N−n−1 Ξk(ξ )dξm)dv∂Mn (17.8)

can be expressed in terms of the curvature forms of Mn. Indeed, consider (17.1):

R j = (−1) j/2((n− j)!2 jπ j/2( j/2)!)−1 ∑
σ∈Sn

(−1)σi1 ...inΩi1
i2
∧ ...∧Ωi( j−1)

i j

∧ω i( j+1) ∧ ...∧ω in .

Each term Ωi
j can be expressed with help of the Gauss equation:

Ωi
j =∑

α
ω i
α ∧ωα

j , (17.9)

where the sum is taken over any normal frame {ξ1, ...,ξα , ...,ξ(N−n)}. Moreover,
each term ωα

i can be expressed with help of the tensor hαi j:

ωα
i =∑

j
hαi jω j.

Consequently, (17.1) becomes

R j = (−1) j/2((n− j)!2 jπ j/2( j/2)!)−1∑σ∈S j(−1)σi1...i j (∑α,l hαi1lh
α
i2l1

)
...(∑α,l hαi( j−1)l

hαi j l
)ω i1 ∧ω i2 ∧ ...∧ω i j ∧ω i( j+1) ∧ ...∧ω in .

(17.10)

On the other hand, if ξ is any normal vector, Ξk(ξ ) is the sum of all determinants
of k-minors of the matrix hξi j. One can decompose ξ into the frame ξα . Integrating
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on the sphere S
N−n−1, it is easy to conclude that the only non-null terms in the

sum are exactly the Rk.
3. Similar proofs apply for a point on ∂Mn. �

17.2 The Tubes Formula of Weyl (1939)

Let Mn be a Riemannian manifold (with or without boundary), isometrically em-
bedded in E

N . We shall evaluate the volume of the tube Mn
ε of Mn of radius ε .

17.2.1 The Volume of a Tube

Using the previous Lipschitz–Killing forms, we introduce now the global Lipschitz–
Killing curvatures Mk.

Definition 41. The global Lipschitz–Killing curvatures Mk of a (compact) subman-
ifold Mn of E

N are defined by

Mk(Mn) =

{ sk−1
Ck

N
(
∫

Mn R(k+n−N) +
∫
∂Mn H(k+n−N)), if k +n−N ≥ 0,

Mk(Mn) = 0 otherwise.
(17.11)

Of course, these quantities coincide with those defined in the case of a convex
hypersurface (see (16.14)).

We can now state the theorem of Weyl, which is an easy consequence of
Proposition 13.

Theorem 51. Let Mn be a compact oriented n-dimensional Riemannian manifold
(with or without boundary), isometrically embedded in E

N. Then, the volume
VolN(Mn

ε ) of Mn
ε is a polynomial in ε:

VolN(Mn
ε ) =

N

∑
k=0

Ck
NMk(Mn)εk. (17.12)

Using the notation of Chap. 16, Theorem 51 implies that one can write

VolN(Mn
ε ) =

N

∑
k=0

Φk(Mn)εk,with Φk(Mn) = Ck
NMk(Mn). (17.13)

Remarks

1. In particular, we see that the first nonzero Φk is ΦN−n.
2. Suppose that Mn is a (compact oriented) n-dimensional Riemannian mani-

fold without boundary, isometrically embedded in E
N . Then, we deduce from
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the definition of the scalar curvature (see Chap. 10) that ΦN−n+2(Mn) equals∫
Mn rdvMn , up to a constant depending on the dimensions, where r denotes the

scalar curvature of Mn.
3. With the same assumptions, and assuming that n is even, we have

ΦN(Mn) = C
∫

Mn
∑

σ∈Sn
(−1)σi1...inΩi1

i2
∧ ...∧Ωi(n−1)

in , (17.14)

with C = (−1)n/2Cn
N sN−1

(N−n)!2nπn/2(n/2)!
.

4. With the same assumptions,

ΦN−n(Mn) = sN−1Voln(Mn). (17.15)

5. In particular, if Mn has no boundary, then the ΦN−n+k are null when k is odd.
6. In this section, we have supposed for simplicity that Mn is oriented. However,

ST⊥Mn is always oriented even if Mn is not. This can be seen as follows. We can
identify ∂Mn

ε with ST⊥Mn, via the exponential map (modified by a factor ε):

φ : (m+ εξm) → (m,ξm).

Since ∂Mn
ε is a closed hypersurface of E

N , it has a canonical orientation given by
the outward normal. The manifold ST⊥Mn can be endowed with the orientation
given by this identification.

7. The exact values of the constant coefficients have been computed in [24,25]. We
leave it to the reader to check them.

Sketch of proof of Theorem 51 We give here a short idea of the proof (when the
submanifold has no boundary). Let

x : Mn → E
N

be the isometric immersion of Mn into E
N . If ξ denotes a generic unit normal vec-

tor, then φ(t) = x + tξ generates the sphere normal bundle StT⊥Mn of radius t,
considered as a hypersurface of E

N (Fig. 17.1).
Let (ei)1≤i≤n be a local frame of principal vectors in the direction ξ . For every

i(1 ≤ i ≤ n), we have
Aξ ei = λξ

i ei.

Then
dφt(εi) = ei +Atξ ei = ei + tλξ

i ei.

Consequently, the volume form dvSt T⊥Mn of the sphere normal bundle StT⊥Mn of
radius t at the point ξ satisfies

dvSt T⊥Mn = (ω1 + tλξ
1 ω

1)∧ ...∧ (ωn + tλξ
n ωn)∧ tN−n−1dvSN−n−1

= ∑kΞk(ξ )tkω1 ∧ ...∧ωn ∧ tN−n−1dvSN−n−1 .
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Fig. 17.1 The map m →
m+ tξ

ξ

M

m

m + tξ

Then, using the area formula (Theorem 19), we find that

VolN(Mn
ε ) =∑

k

∫ ε

t=0

∫

ST⊥Mn
Ξk(ξ )dvSt T⊥Mntkdt

=
∫ t=ε

t=0

∫

SN−n−1

∫

Mn
∑
k
Ξk(ξ )tN−n−1+kω1 ∧ ...∧ωn ∧dt ∧dvSN−n−1

=
(N − k)!

n!
k!sk−1(

∫

Mn
Ξk(ξ )dvM)εN−n+k,

(17.16)

where (ω i) denotes the dual frame of ei.
The left-hand side of (17.16) is a polynomial in ε , whose odd terms are null by

Proposition 13 since we assume here that Mn has no boundary. The even terms can
be written in terms of R j by using the Gauss equation (17.9), from which we deduce
Theorem 51. The proof is similar for submanifolds with boundary. �

17.2.2 Intrinsic Character of the Mk

Weyl made the following fundamental remark, which is an obvious consequence
of our previous computation: at each point of Mn, the Lipschitz–Killing curvature
forms depend only on the intrinsic geometry of Mn and are independent of the iso-
metric embedding. They can be computed with only the knowledge of the curvature
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tensor of Mn and the second fundamental form of the boundary ∂Mn, considered
as a hypersurface of Mn. This implies that two isometric immersions of the same
manifold Mn in E

N have the same Lipschitz–Killing curvatures. In particular:

• The quantities Mk depend only on the intrinsic geometry of Mn and are conse-
quently independent of the embedding.

• Moreover, as for the coefficients Λk,N defined in the convex case (see (16.6),
Chap. 16), they are independent of the codimension. Once again, the Lipschitz–
Killing curvature forms and the global Lipschitz–Killing curvatures are intrinsic
invariants of Mn.

• When Mn has no boundary, the only non-null terms Mk are the even ones. These
coefficients are the same as those which appear in the Gauss–Bonnet formula,
generalized by Allendoerfer and Weil [3] and Chern [28] among others.

17.3 The Euler Characteristic

Recall that the Gauss–Bonnet theorem relates the Euler characteristic of a mani-
fold with its curvature tensor (see Chap. 10). If Mn is even dimensional and has no
boundary,

χ(Mn) =
(−1)n/2

2nπn/2(n/2)!

∫

Mn
∑

σ∈Sn
(−1)σi1...inΩi1

i2
∧ ...∧Ωi(n−1)

in . (17.17)

With our notation, (17.14) implies that

ΦN(Mn) = MN(Mn) = sN−1

∫

Mn
Rn = bNχ(Mn). (17.18)

If Mn has a boundary, we add the boundary term in Hn:

ΦN(Mn) = MN(Mn) = sN−1

∫

Mn
Rn +

∫

∂Mn
Hn = bNχ(Mn). (17.19)

Note the important fact that the previous equations show that the term ΦN has a
topological meaning, since the Euler characteristic is a topological invariant. This
result can be seen as a generalization of the convex case, since the Euler character-
istic of a convex subset is always equal to 1.

17.4 Partial Continuity of the Φk

It is clear that the continuity of the Φk mentioned for convex bodies is not satis-
fied for smooth submanifolds: for instance, using a construction analogous to the
Lantern of Schwartz (Sect. 3.1.3), it is easy to construct an example of sequence of
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smooth surfaces, which approaches a finite cylinder and whose areas tend to infinity.
However, adding suitable assumptions on the sequence of submanifolds (in particu-
lar by bounding the principal curvatures), one can obtain convergence results.

Theorem 52. Let ε > 0. Let Sε be the class of n-dimensional compact submani-
folds Mn of E

N whose second fundamental form is bounded by ε . Then for every k,
the map

Mn →Φk(Mn)

is continuous on Sε , endowed with the Hausdorff topology.

A complete proof is left to the reader. It can be found in [42].

17.5 Transversal Integrals

In Chap. 16, we have seen that one has the possibility of expressing the coefficients
Φk(K) in terms of transversal integrals when K is convex. This can be done also
for the tubes formula of any smooth submanifold, in terms of the Euler character-
istic of the intersection of the submanifold with affine subspaces (see Sect. 10.7.3).
The following formula is a direct generalization of the convex case, since the Euler
characteristic of a convex body is 1.

Theorem 53. Let Mn be a (compact oriented) submanifold embedded in E
N. Then,

for every k,0 ≤ k ≤ N,

Φk(Mn) = Ck
N

bN

bN−kγN,k

∫

AG(N,k)
χ(Mn ∩Pk)dPk, (17.20)

where AG(N,k) denotes the Grassmann manifold of affine k-subspaces of E
N.

Proof of Theorem 53 This formula is a special case of the kinematic formula of
Chern [30]. The proof we present here is that of Chern, adapted to the linear case.
We refer to [30] for details. Consider the subset of affine k-subspaces Pk whose inter-
section with Mn is nonempty. Generically, such an intersection is a submanifold of
dimension n+ k−N (one can restrict attention to the open set of affine k-subspaces
having such an intersection, since the union of the other ones has a null measure in
the affine Grassmann manifold). Over Mn ∩Pk, consider a local orthonormal frame
(e1, ...,eN) of E

N such that (e1, ...,ek) is tangent to Pk and (e1, ...,en+k−N) is tangent
to Mn ∩Pk. Then, (en+k−N+1, ...,eN) is normal to Mn ∩Pk and we shall introduce
the “angle” between this frame and the tangent plane to Mn. Now, let (εk+1, ...,εN)
be orthonormal vector fields such that

(e1, ...,en+k−N ,εk+1, ...,εN)
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is a local orthonormal frame of Mn. If ω j denotes the dual frame of e j, one can write

ωk+α =
N

∑
l=k+1

< εl ,ek+α > βl ,1 ≤ α ≤ N − k,

with suitable 1-forms βk. At a point m ∈ Mn ∩Pk, note that βk+1 ∧ ...∧ βN is the
volume form of the affine subspace orthogonal to Pk in Mn.

On the other hand, the volume form dv
E

N−k of the affine subspace orthogonal to

Pk at m in E
N satisfies

dv
E

N−k = ωk+1 ∧ ...∧ωN = ∆βk+1 ∧ ...∧βN ,

where ∆ = det < εl ,ek+α >. A crucial point is to note that ∆ depends only on the
mutual positions of Pk and T Mn ∩Pk. Moreover, at any point m ∈ Mn ∩Pk,

βk+1 ∧ ...∧βN ∧dvMn∩Pk = dvMn .

Let Y be the manifold ⋃

Pk∈AG(N,k)

(Mn ∩Pk,Pk).

The manifold Y can obviously be identified with Mn×G(N,k) and one can compare
their volume form. Writing dvAG(N,k) = dv

E
N−k ×dvG(N,k), we deduce that

dvMn∩Pk ∧dvAG(N,k) = ∆dvMn ∧dvG(N,k). (17.21)

Multiplying (17.21) by Rn+k−N , where Rn+k−N is the curvature form associated
to the Riemannian manifold Mn ∩Pk, we get

Rn+k−NdvMn∩Pk ∧dvAG(N,k) = Rn+k−N∆dvMn ∧dvG(N,k). (17.22)

Integrating the left-hand side of (17.22) over AG(N,k) and using the Gauss–
Bonnet theorem, we obtain

∫

AG(N,k)

∫

Mn∩Pk
Rn+k−NdvMn∩Pk ∧dvAG(N,k) = c

∫

AG(N,k)
χ(Mn ∩Pk)dvAG(N,k), (17.23)

where c is a positive constant. To evaluate the right-hand side, we use Proposition 13:
Rn+k−N can be written in terms of the second fundamental form h of Mn ∩Pk, con-
sidered as a submanifold of E

N . Thus, at each point m ∈ Mn ∩Pk,

[
∫

S
N−(n+k−N)−1 Ξ

Mn∩Pk

n+k−N(ξ )dξ ]dvMn∩Pk = Rn+k−N . (17.24)

Since Pk is totally geodesic in E
N , h is related to the second fundamental form h

of Mn by the equality

< h(u,v),w >= cos(θ) < h(u,v),ξ >
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for all vectors u,v tangent to Mn∩Pk and for all unit vectors ξ normal to Mn, w being
the unit vector tangent to Mn and normal to Mn ∩Pk defined by (cosθ)w = prT Mnξ .
The other normal components of h are null.

Integrating the right-hand side of (17.22) over the product Mn × G(N,k), we
remark that (17.22) implies that, at each point m ∈ Mn,

∫

ξ∈S
2N−n−k−1 Ξ

Mn∩Pk

n+k−N(ξ )dvMn∩Pk = c
∫

ξ∈S
N−n Ξ

Mn

n+k−N(ξ )dvMn∩Pk ,

where S
2N−n−k−1 denotes the unit sphere of vectors orthogonal to Tm(Mn ∩ Pk),

S
N−n denotes the unit sphere of vectors orthogonal to Tm(Mn ∩Pk) and tangent to

Pk, and c is a constant depending only on the dimensions. Taking into account that
∆ is independent of the point m in Mn, one finds

∫

Mn

∫

G(N,k)
∆Rn+k−N = cΦk(Mn),

where c is a suitable constant. This constant c can be evaluated by testing on spheres.
Theorem 53 follows. �

Remark Theorem 53 is a special case of the kinematic formula of Chern [30]. We
state this formula in the following theorem, in which G = SO(N)αE

N denotes the
group of orientation-preserving Euclidean motions of E

N .

Theorem 54. Let Mn and Nk be two closed submanifolds of E
N. Then,

∫

g∈G
Φ j(Mn ∩g(Nk))dg = ∑

i even
ciΦi(Mn)Φ j−i(Nk), (17.25)

where ci are the constant, depending only on the dimensions.

17.6 On the Differentiability of the Immersions

In Sect. 17.5, we did not specify the differentiability of the involved submanifolds.
Since the formulas need the curvature tensor, the natural framework is the space of
immersions of class C2. However, if the immersions are only C1, but with Lipschitz
normal frame, the same kind of formula can be proved, with slight modifications
since the involved quantities have sense almost everywhere, Lipschitz maps being
differentiable almost everywhere. The main results (obtained by integration) remain
valid and the tubes formula can be written as follows:

VolN(Mn
ε ) =

∫

Mn
(
∫

S
N−n−1(∑

k
Ξk(Mn)dvSN−n−1)∧ω1 ∧ ...∧ωn)εk, (17.26)



17.6 On the Differentiability of the Immersions 175

where Ξk is the coefficient of the term of degree k of the polynomial in the variable t.
In particular, we still have

Φk(Mn) = 0,∀k < N −n,

ΦN−n(Mn) = sN−1Voln(Mn),
ΦN(Mn) = sN−1χ(Mn).

(17.27)



Chapter 18
Subsets of Positive Reach

In previous chapters, we have seen that it is possible to define curvatures which
describe the global shape of two classes of subsets of E

N , namely the convex bodies
and the smooth submanifolds. A good challenge is to find larger classes of subsets
on which a more general theory holds. In 1958, Federer [43] made a major advance
in two directions:

1. He could define a large class of subsets on which it is possible to define curva-
tures, extending the class of smooth submanifolds and convex bodies. The sub-
sets of E

N belonging to this class are called subsets with positive reach. Basically,
the main observation is that the important tool in this context is the orthogonal
projection onto the studied subset. For a given convex body, this orthogonal pro-
jection is defined at every point of E

N and, for a smooth submanifold, it is defined
on a neighborhood of it. Federer defined the class of subsets which admit locally
this property, even if they are neither convex nor smooth, calling them subsets of
positive reach.

2. He realized that this new theory could be considered as a particular (signed)
measure theory on E

N .

18.1 Subsets of Positive Reach (Federer, 1958)

The subsets of E
N we consider in this chapter will be systematically measurable for

the standard Lebesgue measure. Following [42], we have defined in Chap. 4.1 the
notion of reach of a subset of E

N . We have seen that the reach of a convex subset is
+∞ and it is strictly positive for a compact smooth submanifold embedded in E

N .
In general, the reach of a subset may be strictly positive, even if the subset is neither
convex nor smooth. That is why Federer gave the following definition.

Definition 42. A subset A of E
N has positive reach if reach(A) > 0 (Fig. 18.1).

Subsets with positive reach are “not too far” from smooth submanifolds and have
differential properties close to them, summarized in Theorem 55.

177
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A

Fig. 18.1 The subset A of E
2 has positive reach. It is nonconvex and its boundary is not a smooth

regular curve

Fig. 18.2 The case of a
“plain” subset A in E

2

Ps
A

A
,
s

As

A

s

Notations. Following Federer [42], we put (Figs. 18.2 and 18.3)

As = {m : dA(m) ≤ s},
A′

s = {m : dA(m) ≥ s},
PA

s = {m : dA(m) = s}.
(18.1)

Here are the main properties of the reach of a subset A. We have already seen
in Chap. 4.1 that the distance function dA to A is continuous, and the orthogonal
projection map onto A is also continuous when A is compact. We improve these
results in the following theorem.

Theorem 55. Let A be a subset of E
N:

1. The map prA is continuous on UA.
2. Moreover, if

• m and m′ lie in UA,
• dA(m) ≤ r,dA(m′) ≤ r,
• reach(A,prA(m)) ≥ q, reach(A,prA(m′)) ≥ q,
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s

A
Ps

A

Fig. 18.3 The case of a curve A in E
2

then
d(prA(m),prA(m′)) ≤ q

q− r
d(m,m′).

3. The subset A has positive reach r > 0 if and only if the function

dA : {m ∈ E
N : 0 < dA(m) < r}→ R

is C1.
4. If A has a positive reach r > 0, then, for all s, t such that 0 < s < t < r:

(a) grad dA is Lipschitz on the open set {m ∈ E
N : s < dA(m) < t}.

(b) The map prA is Lipschitz on the set {m ∈ E
N : dA(m) ≤ s}.

(c) In particular, the hypersurface PA
s is a C1-submanifold with a Lipschitz (unit)

normal vector field.
(d) PA

s admits almost everywhere a second fundamental form.

The proof is left to the reader (see [37,42]). Let us only make precise the sense of
(4-a) and (4-b). Usually, in the theory of Riemannian submanifolds, we assume that
“everything is smooth.” This means that we can differentiate the immersion as far
as we want and, in particular, we can take the first derivative of tangent (or normal)
vector fields, which gives the second fundamental tensors and the curvature tensors.

However, in our context, we do not need so much differentiability. In fact, con-
sider for instance a hypersurface which is only C1. Its normal vector field ξ is only
continuous. Suppose moreover that ξ is Lipschitz. Then, it is almost everywhere dif-
ferentiable and one can define the second fundamental form h of the hypersurface
almost everywhere by taking the tangent component of ∇̃ξ . In this case, h (although
defined almost everywhere) is continuous, integrable, and still symmetric. This is
exactly what we need to prove the Steiner formula for subsets with positive reach.
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Remark Any compact subset of positive reach of E
N has finite homology. This

can be seen as follows. For s small enough, we have seen that Ps is a compact C1-
submanifold and then it has finite homology. If ξ is the inward unit normal of Ps,
the map

ηξ : Ps → A,

defined by
∀p ∈ Ps,ηξ (p) = p+ sξp,

sends PA
s onto A. Since ηξ is continuous, A has finite homology.

18.2 The Steiner Formula

The tubular neighborhood of subsets with positive reach has properties analogous
to those of convex subsets or smooth submanifolds.

Theorem 56. Let A be a subset with positive reach r in E
N. Then, the volume

VolN(Aε) of a tubular neighborhood of A of radius ε < r is a polynomial of de-
gree less than or equal to N in ε:

VolN(Aε) =
N

∑
k=0

Φk(A)εk. (18.2)

Sketch of proof of Theorem 56 The crucial point is to note that, although A is not
a smooth submanifold, PA

s (with s ≤ r) is a C1-hypersurface of E
N with Lipschitz

unit normal vector field, and the tube formula of Weyl (17.12) can be applied to
A′

s,s ≤ r. The proof is a direct consequence of the two following lemmas. Fix s0
such that ε ≤ s0 ≤ r (Fig. 18.4). �
Lemma 7.

VolN({m ∈ E
N : m ∈ (A′

s0
)µ and prA′

s0
(m) ∈ PA

s0
}) (18.3)

is polynomial in µ .

Fig. 18.4 A, Aε , and PA
s0

s0

ε

A

Aε

Ps0
A
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Proof of Lemma 7 Let

Bµ = {m ∈ E
N : m ∈ (A′

s0
)µ and prA′

s0
(m) ∈ PA

s0
}.

If x is a parametrization of PA
s0

, we define PA
s0t

as the hypersurface generated by the
parametrization x+ tξ , where ξ is the inward normal vector field of Ps0 , continuous
almost everywhere. Then

VolN(Bµ) =
∫ µ

0 VolN−1(PA
s0t

)dt
= ∑N

k=0
∫ µ

0 Ξk(ξ )dvPA
s0t

tkdt

= ∑N
k=1 C(k,n)Mk−1(PA

s0
)µk,

where C(k,n) denotes a positive constant depending on the dimensions, Ξk(ξ ) de-
notes as before the kth-elementary symmetric functions of the principal curvatures
PA

s0
(defined almost everywhere), and Mk−1(PA

s0
) denotes the global (k − 1)-mean

curvature of PA
s0

. �

Lemma 8.
VolN(Aε) = VolN(As0)−VolN(B(s0−ε)). (18.4)

Lemma 8 is obvious, using the additivity of the N-volume.
The right-hand side of (18.4) being clearly a polynomial of degree N in ε , the

proof of Theorem 56 is complete. In particular, one has

ΦN(A) = MN−1(PA
s ). (18.5)

Corollary 13.

1. One has

Φi(As) =
N

∑
j=i

Ci
js

j−iΦ j(A), 0 ≤ i ≤ N. (18.6)

2. In particular,
ΦN(As) = ΦN(A). (18.7)

Proof of Corollary 13 Let u and s be such that 0 ≤ u < s− r, where r denotes as
before the reach of A. One has

VolN((As)u) = VolN(As+u).

Then,
N

∑
k=0

Φk(As)uk =
N

∑
k=0

Φk(A)(u+ s)k,

from which we deduce (18.6). In particular, (18.7) is satisfied.
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18.3 Curvature Measures

Federer proved a better result, since he could localize the Steiner formula, interpret-
ing the curvatures as Radon measures on E

N (see Definition 16). In other words, the
Φks can be interpreted as Radon measures.

Theorem 57. Let A be a subset with positive reach r in E
N:

1. For every Borel subset Q (with compact closure) of E
N, the N-volume of the

subset
AQ
ε = {m ∈ E

N : dA(m) ≤ ε and prA(m) ∈ Q} (18.8)

is a polynomial in ε:

VolN(AQ
ε ) =

N

∑
k=0

Φk(A,Q)εk. (18.9)

2. For every k, Φk(A, .) is a Radon measure.
3. Moreover, Φ satisfies the additivity property: if A, B, A∪B, and A∩B have posi-

tive reach, then

Φk(A∪B, .) = Φk(A, .)+Φk(B, .)−Φk(A∩B, .). (18.10)

Consequently, we have the following result.

Corollary 14. Let A be a subset of E
N with positive reach. For every k, Φk(A, .)

defines a Radon measure.

Sketch of proof of Theorem 57 Items (1) and (2) can be proved like Theorem 56,
considering for a fixed Q the subset

{m ∈ E
N such that dAs(m) ≤ r and prAs

(m) ∈ Q}. �

Definition 43. Let A be a subset of E
N with positive reach. For every k, Φk(A, .) is

called the kth-curvature measure of A.

Remark To simplify the notation, we denote by the same symbol Φk the kth-
curvature and the kth-curvature measure. In particular, with this notation, Φk(A) =
Φk(A,A).

18.4 The Euler Characteristic

The last term ΦN(A) has a topological interpretation, extending the smooth case.
In fact, we have seen in Sect. 18.1 that any compact subset with positive reach has
finite homology. Then, one can consider its Euler characteristic. In the smooth case,
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we have used the Gauss–Bonnet theorem to relate curvature and topology. Here, the
lack of differentiability leads us to use another approach. Following Federer [42],
we relate the Euler characteristic of A to the degree of a suitable map. The final
result is identical to the one obtained for smooth submanifolds.

Theorem 58. Let A be a compact subset of E
N with positive reach. Then

ΦN(A) = bNχ(A).

Sketch of proof of Theorem 58 Let r be the reach of A and s < r. Since A is a
deformation retract of As,

χ(A) = χ(As).

To evaluate χ(As), we consider the map f = d2
A, which is smooth in a neighborhood

of As (see Theorem 12). The vector field

(grad f )|As : As → E
N

is continuous and its restriction to Ps is clearly nowhere null. Consequently, the
(topological) degree of the map

(grad f )|As : (As,Ps) → (EN ,EN \0)

equals the degree of the map

(grad f )|Ps : Ps → (EN \0).

On the other hand, since (grad f )|Ps is proportional to the normal vector field −→n of
Ps, (grad f )Ps and the Gauss map G of Ps are homotopic. Hence, they have the same
(topological) degree. Now, classically, the degree of G (which is – up to a constant –
the Euler characteristic of Ps) is related to the integral of the second fundamental
form of Ps:

bNdeg G = MN−1(Ps).

Moreover, using (18.5),
MN−1(Ps) = ΦN(A).

Finally,

bNχ(A) = bNχ(As) = deg (grad) f|Ps = deg G = MN−1(Ps) = ΦN(A). �

Remark At this point, it becomes clear that we need a precise study of a generalized
Morse theory [61], [64], which can be applied to functions which are not C2. This
is not trivial since Morse theory is based on the study of the Hessian of functions.
This has been done by Banchoff [8] for polyhedra and by Fu [46] for subsets with
positive reach.
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18.5 The Problem of Continuity of the Φk

In Chap. 17, we mentioned the noncontinuity of the Φk for smooth submanifolds in
general. A fortiori, continuity is not satisfied for subsets with positive reach. How-
ever, there are certain partial continuity results which must be mentioned. The reader
can easily be convinced that these results are generalization of Theorem 52. Once
again, the proof is based upon a precise study of the behavior of the distance func-
tion and the projection map.

Proposition 14. Let ε > 0. Let A be a subset of E
N and let (Aq)q∈N

be a sequence of
compact subsets of E

N with positive reach ≥ ε , such that the corresponding distance
functions dAq converge to dA uniformly on every compact subset of Aε . Then:

1. A is compact with positive reach ≥ ε .
2. Moreover,

lim
q→∞

prAq
= prA

uniformly on every compact subset of Aε .

Sketch of proof of Proposition 14 The proof of compactness of A is trivial. To
prove that A has positive reach ≥ ε , we use Theorem 55 and prove that the function
dA is C1 on (Aε \A). Consider any compact C in Aε . Let m be a point in (Aε \A).
We need to prove that dA is C1 at m. We put dA(m) = α < ε . Let U be an open
neighborhood of m such that Ū ⊂ Aε and let K be a compact subset of E

N such that

m ∈ K ⊂U

and
∀n ∈ K,d(m,n) <

ε−α
3

.

Since the sequence of functions dAq converges to dA uniformly on every compact
subset of Aε , there exists a constant c such that, if q ≥ c, then

dA(Aq) <
ε−α

3
.

This implies in particular that if we take

r =
2ε
3

+
α
3

< ε,

we have
dAq(n) ≤ r,∀q > c,∀n ∈ K.

Since each dAq is continuous and the convergence is uniform, the limit is contin-
uous, in particular at the point m. Hence, dA is continuous at m. Moreover, we have
much more than that:
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• By Theorem 12, each term d2
Aq

is continuously differentiable on K. Moreover,
the sequence d2

Aq
converges uniformly to d2

A on K.
• The sequence grad d2

Aq
satisfies

grad d2
Aq(m) = 2(m−prAq

(m))

for every q. By Theorem 55, we know that

d(prAq
(m),prAq

(n)) =
ε

ε− r
d(m,n).

We deduce that

d(grad d2
Aq(m),grad d2

Aq(n)) ≤ (2+
ε

ε− r
)d(m,n).

• Then, the sequence d2
Aq

is equiuniformly differentiable on K. This implies that
d2

A is uniformly differentiable on K and that the sequence grad d2
Aq

converges to
grad d2

A uniformly on K.

This implies in particular that grad dA is continuous on K and then dA is C1.
Consequently, the reach of A is at least ε . Using the definition of weak convergence
of measures (Definition 17), we can now state the following theorem. �

Theorem 59.

1. Let ε > 0. Let Rε be the class of subsets A of E
N whose reach is greater than ε ,

endowed with the Hausdorff distance. Then for all k, the map

A →Φk(A, .)

is continuous on Rε for the weak convergence of Radon measures.
2. If A is a subset of E

N with positive reach, then for every k, Φk(As, .) converges
weakly to Φk(A, .) when s tends to 0.

Sketch of proof of Theorem 59 We shall only prove that for all k, (Φk(Aq))q∈N

converges to Φk(A). A slight modification of the proof gives the complete theorem.
We use Proposition 14: since limq→∞Aq = A for the Hausdorff distance,

lim
q→∞

dAq = dA, lim
q→∞

χAq = χA, lim
q→∞

prAq
= prA,

uniformly on every compact of Aε (χA denotes here the characteristic function of
A), and A has positive reach ≥ ε . Note that for a sufficiently small r,

lim
q→∞

∫
χAqε =

∫
χAε

and consequently
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lim
q→∞

VolN(Aqr) = VolN(Ar).

Using (18.2), we get

VolN(Aqr) =
N

∑
k=0

Φk(Aq)rk, and VolN(Ar) =
N

∑
k=0

Φk(A)rk.

We deduce that, for every k ∈ {0, ...,N},

lim
q→∞

ΦAq = ΦA. �

18.6 The Transversal Integrals

Federer proved a kinematic formula, which allows us to relate the coefficients Φk
to each other. This extends the kinematic formula of Chern [30] (see Theorem 53).
We still denote by G = SO(N)αE

N the group of orientation-preserving Euclidean
motions of E

N and by AG(N,k) the (oriented) affine Grassmannian of k-planes in
E

N (see Sect. 10.7).

Theorem 60. Let A be a subset of E
N with positive reach. Then for every k,

Φk(A) = Ck
N

bN

bN−kγN,k

∫

AG(N,k)
χ(A∩Pk)dPk. (18.11)

Remarks In fact, this formula is a particular case of the more general kinematic
formula, which we mentioned in the smooth case. The result is the same, in a larger
context.

Theorem 61. Let A and B be two subsets of E
N with positive reach, B being com-

pact. Then for every k, there exists a sequence of constants ck(i,N) depending only
on the dimension N of the ambient space, such that

∫

G
Φk(A∩g(B)) = ∑

0≤i≤k
ck(i,N)Φi(A)Φk−i(B). (18.12)

Theorem 61 has sense since Federer [43] proved that, if A and B have positive
reach, then A∩g(B) has positive reach for almost every g. So, the left-hand side of
(18.12) is well defined. Now, using the fact that the Euler characteristic satisfies

χ(A∪B) = χ(A)+χ(B)−χ(A∩B), (18.13)

we get a second proof of Theorem 57, item (3).



Chapter 19
Invariant Forms

The geometric measures of suitable subsets of E
N (called geometric subsets in

Chap. 20) are obtained by integration of particular differential forms of E
N ×S

N−1.
The goal of this chapter is to define and study these forms.

19.1 Invariant Forms on E
N ×E

N

We begin with an algebraic point of view. Consider the group SO(N) of rotations of
E

N . The action of SO(N) on E
N can be extended in a natural way to E

N ×E
N : for

any a ∈ SO(N), we put
a(x,y) = (a(x),a(y)).

Let Λ∗(EN ×E
N) be the exterior algebra of forms on E

N ×E
N . The group SO(N)

acts on Λ∗(EN ×E
N) as follows. Let a ∈ SO(N) and ω ∈ Λp(EN ×E

N). For every
(xk,yk) ∈ E

N ×E
N ,1 ≤ k ≤ p,

(a∗ω)((x1,y1), . . . ,(xp,yp)) = ω((a(x1),a(y1)), . . . ,(a(xp),a(yp))). (19.1)

We say that a form ω on E
N ×E

N is invariant under the diagonal action of SO(N),
or simply under rotations, if for all a ∈ SO(N)

a∗ω = ω. (19.2)

This section gives an explicit expression of the forms invariant under rotations.
Let (e1,e2, . . . ,eN) be the standard orthonormal frame of E

N . Let us introduce the
corresponding orthonormal frame of E

N ×E
N

ε1 =
(

e1
0

)
,ε2 =

(
e2
0

)
, . . . ,εN =

(
eN
0

)
,

189
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ε̃1 =
(

0
e1

)
, ε̃2 =

(
0
e2

)
, . . . , ε̃N =

(
0

eN

)
.

Identifying the Euclidean space E
N with its dual (and consequently the k-vectors

with k-forms), we define:

• The symplectic 2-form
Ω =∑

k
εk ∧ ε̃k. (19.3)

• For every t ∈ R, the N-form

V = (ε1 + t ε̃1)∧ ...∧ (εN + t ε̃N). (19.4)

This last form is polynomial in the variable t. Let Vk be the coefficient of tk. If
one decomposes ΛN(EN ×E

N) as

ΛN(EN ×E
N) = ⊕N

k=0Λ(k,N − k), (19.5)

with
Λ(k,N − k) = Λk(EN ⊕0)∧ΛN−k(0⊕E

N), (19.6)

one deduces a decomposition of the form V as

V = ⊕N
k=0Vk, with Vk ∈ Λ(k,N − k).

Trivially, one has

Vk =∑
π

(−1)πεπ(1) ∧ ...∧ επ(k)∧ ε̃π(k+1)∧ ...∧ ε̃π(N). (19.7)

Theorem 62. The exterior algebra of forms on E
N ×E

N invariant under the di-
agonal action of SO(N) is generated by the symplectic form Ω and the N-forms
Vk,0 ≤ k ≤ N.

We leave the proof of this purely algebraic result to the reader (see [49, 50] for
instance).

Remark It is crucial for the following to note that these forms have the same ex-
pression independently of the orthonormal frame with which they are defined, since
they are invariant under the group of rigid motion.

19.2 Invariant Differential Forms on E
N ×S

N−1

Let us continue with a differential point of view. For further use, we now restrict
our attention to invariant (N−1)-form, defined on E

N ×S
N−1, modifying a little the

notion of invariance. Denote by D the Poincaré group of rigid motions of E
N . It is

well known that D is the semidirect product of the group of translations (identified
to E

N) and the group SO(N) of rotations:
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D = E
N ∝ SO(N). (19.8)

The action of D on E
N can be extended in a natural way to E

N ×S
N−1 by putting

φ(x,η) = ((t,a)x,aη),∀x ∈ E
N ,∀η ∈ S

N−1

for all φ = (t,a) ∈ D.
Consider the space DN−1(EN × S

N−1) of differential (N − 1)-forms on E
N ×

S
N−1. The group D acts on this space as follows. Let φ ∈ D. ∀(Xk,ηk) ∈ T (EN ×

S
N−1),1 ≤ k ≤ N −1,

φ ∗(ω)((X1,η1), . . . ,(XN−1,ηN−1)) = ω(dφ(X1,η1), . . . ,dφ(XN−1,ηN−1)), (19.9)

Definition 44. A differential (N−1)-form ω on E
N ×S

N−1 is invariant under rigid
motion if, for all φ ∈ D,

φ ∗ω = ω.

We now give an explicit expression for the invariant differential (N − 1)-forms.
Let (m,ξ ) be a point of E

N × SN−1. Consider an orthonormal frame of E
N whose

Nth-vector is ξ :
(e1,e2, . . . ,eN−1,eN = ξ ).

(The choice of putting ξ at the last entry is totally arbitrary and will appear to be
convenient later.)

Then, an orthonormal frame of T(m,ξ )E
N ×S

N−1 is given by the vectors

ε1 =
(

e1
0

)
,ε2 =

(
e2
0

)
, . . . ,εN =

(
eN = ξ

0

)
,

ε̃1 =
(

0
e1

)
, ε̃2 =

(
0
e2

)
, . . . , ε̃N−1 =

(
0

eN−1

)
.

Identifying the Euclidean space E
N with its dual (and consequently the (N −1)-

vectors with (N −1)-forms), we can define the following (N −1)-form:

V(t) = (ε1 + t ε̃1)∧ ...∧ (εN−1 + t ε̃N−1)(m,ξ ). (19.10)

This defines a differential (N − 1)-form on STE
N = E

N × S
N−1, which can

be considered as a polynomial in the variable t. Let Wk be the coefficient of tk.
Then, Wk is a differential form which does not depend on the orthonormal frame
(e1, ...,eN = ξ ).

Definition 45. For 0≤ k ≤N−1, the (N−1)-differential form Wk, defined on E
N ×

S
N−1 as the coefficient of tk in V(t), is called the kth Lipschitz–Killing curvature

form.
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Trivially, one has

Wk =∑
π

(−1)πεπ(1) ∧ ...∧ επ(k)∧ ε̃π(k+1)∧ ...∧ ε̃π(n−1). (19.11)

Roughly speaking, these forms span the C∞-module of differential (N−1)-forms
on E

N ×S
N−1 invariant under D. More precisely, one has the following theorem.

Theorem 63. The vector space of invariant differential (N−1)-forms on E
N ×S

N−1

has dimension N if N is even and N + 1 if N is odd. It is spanned by the forms
(Wk)(k=0,...,(N−1)) and, if N is odd, by Ω

N−1
2 (where Ω denotes the standard sym-

plectic form of E
N ×E

N restricted to E
N ×S

N−1).

19.3 Examples in Low Dimensions

• Suppose in particular that N = 2. Then, the space of invariant 1-forms of E
2×S

1

has dimension 2. At a point (p,ξ = e2), it is spanned by the two 1-forms

W0 = ε1,

W1 = ε̃1.

• Suppose now that N = 3. Then, the space of invariant 2-forms of E
3 × S

2 has
dimension 4. At a point (p,ξ = e3), it is spanned by the four 2-forms

W0 = ε1 ∧ ε2,

W1 = ε1 ∧ ε̃2 + ε̃1 ∧ ε2,

W2 = ε̃1 ∧ ε̃2,

W3 = Ω|EN×S
N−1 = ε1 ∧ ε̃1 + ε2 ∧ ε̃2.

Remark Once again, note that these forms have the same expression independently
of the orthonormal frame with which they are defined, since they are invariant under
the group of rigid motion.



Chapter 20
The Normal Cycle

This chapter is the heart of the book. As we wrote in the introduction, a major ad-
vance in the construction of generalized curvatures was accomplished by Wintgen
and Zähle: these authors wanted to include simple subsets like polyhedra in the the-
ory. They replaced the measures of Federer by differential forms on the unit sphere
bundle STE

N invariant under rigid motions, which can be integrated over any cur-
rent (defined in Chap. 19). Then, they associated to suitable subsets A of E

N an
(N −1)-current on STE

N called the normal cycle N(A) of A. This current general-
izes the unit normal bundle of submanifolds and has two basic properties:

1. N is additive:
N(A∪B) = N(A)+N(B)−N(A∩B) (20.1)

(when it makes sense).
2. N(A) contains the geometry of A. More precisely, by integrating on N(A) the in-

variant differential forms, one obtains the Quermassintegrale defined on A when
A is the boundary of a convex domain and the usual global Lipschitz–Killing
curvatures when A is a smooth compact submanifold of E

N .

These properties are natural. Moreover, it becomes clear that, to study the geom-
etry of a complicated object, it is enough to decompose the object into simple parts
and apply the fundamental property (20.1). In particular, it becomes possible to
study the curvatures of polyhedra, which are the union of elementary convex polyhe-
dra, since the normal cycle associated to any convex polyhedron is easy to evaluate.

20.1 The Notion of a Normal Cycle

Up to now, there is no general method to determine the class of subsets of E
N which

“admit a normal cycle.” We shall therefore adopt an empirical way, defining a “nor-
mal cycle” as a (closed) (N − 1)-integral current of E

N ×S
N−1 associated to “sim-

ple” objets of E
N . More precisely, we shall define the normal cycle of:

193
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• A smooth submanifold of E
N

• A subset of positive reach of E
N

• A simplex and a polyhedron of E
N

20.1.1 Normal Cycle of a Smooth Submanifold

Let Mn be a (compact smooth) submanifold of E
N . The normal cycle of Mn is the

cycle canonically associated to its unit normal bundle (denoted by N(Mn)).

Remarks

1. By definition, the normal cycle of a smooth submanifold is the current whose
support is a smooth oriented closed submanifold of E

N × S
N−1 of dimension

(N −1), endowed with its canonical orientation.
2. For any sufficiently small ε , there is a canonical one-to-one correspondence be-

tween ∂Mn
ε and (the support of) N(Mn): with obvious notations, to each point

(m+ εξ ), one associates the point (m,ξ ). The map

φ : (m+ εξm) → (m,ξ )

induces an orientation on N(Mn).

20.1.2 Normal Cycle of a Subset of Positive Reach

If A is a subset with positive reach, we have seen in Chap. 18 that, for any suffi-
ciently small ε , the subset PA

s (defined in (18.1)) is an (oriented) C1-hypersurface of
E

N with a Lipschitz unit normal vector field. One can associate to PA
s an (N − 1)-

cycle of E
N ×S

N−1, whose support is the image of the exponential map

φ : (m+ εξm) → (m,ξm),

for every m in A and every ξm in the normal cone of A at m. It is an (N − 1)-
dimensional closed (oriented) C1-submanifold, the orientation of N(A) being in-
duced by φ . This cycle is obviously rectifiable. It is called the normal cycle of A
and denoted by N(A).

One of the main problems which appears now is the fact that, if A and B are
subsets of E

N with positive reach, A∩B is not a subset with positive reach in gen-
eral. So, (20.1) cannot be applied to compute N(A∪B). An extensive study of this
difficulty can be found in [88].
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20.1.3 Normal Cycle of a Polyhedron

The main notations and definitions have been given in Chap. 6. Remember that, in
general, a polyhedron of E

N is not a subset with positive reach (the basic coun-
terexample is the polygon composed of two segments PQ∪QR). Thus, the classical
theory cannot be applied. However, every k-simplex in E

N is convex and therefore
has positive reach. Then, any polyhedron can be decomposed into subsets of posi-
tive reach. Moreover, the intersection of two simplices composing a polyhedron is
still a simplex. Consequently, it is natural to begin by defining the normal cycle of a
simplex.

Definition 46. Let σ k be an elementary k-simplex of E
N . The normal cycle of σ k is

the (closed) current N(σ k) of E
N ×S

N−1, whose support spt(N(σ k)) is the (smooth)
hypersurface defined by

spt(N(σ k)) = {(q,ξ ) ∈ E
N ×S

N−1, where q ∈ σ k, and ξ ∈Cq} (20.2)

and whose orientation is given by the outward normal.

To define the normal cycle for any polyhedron, we use the fact that it is the union
of simplices and use the relation (20.1): if σ k and σ l are two simplices,

N(σ k ∪σ l) = N(σ k)+N(σ l)−N(σ k ∩σ l). (20.3)

We leave the proof to the reader that the normal cycle obtained by this process is
independent of the decomposition (Fig. 20.1).

r

p q

Fig. 20.1 The normal cycle of the union of two segments pq and qr is the cycle defined by the
(oriented) plain curve. To compute the normal cycle of the union A of the two segments pq and
qr in the plane, one remarks that the support of the normal cycle of pq (resp., qr) is the union of
two segments and two half-circles. The intersection of pq and qr is the point q. The support of
the normal cycle of q is a circle. Now, we use (20.3) by assigning the suitable orientation to each
interval or arc of circle composing the support of the normal cycle of pq and qr
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20.1.4 Normal Cycle of a Subanalytic Set

Fu [49] and Kashiwara and Schapira [54, Chap. 9] extended the notion of normal
cycle to the large class of subanalytic subsets of E

N . The reader can consult [49,54]
for details, beyond the scope of this book, and the work of Bernig [14] for more
recent results.

20.2 Existence and Uniqueness of the Normal Cycle

In the previous sections, we have associated to some simple subsets of E
N a cur-

rent called the normal cycle which generalizes the unit normal bundle. Following
Fu [47], we now characterize the normal cycle of a compact subset of E

N and give
a uniqueness result. Note, however, that this theorem will not claim the existence of
such a normal cycle associated to any compact subset. That is why Fu gave a very
general method to construct such a cycle under slight assumptions.

Let A be a compact subset of E
N . Consider the function

iA : STE
N → R,

defined by

iA(x,ξ ) = lim
r→0

lim
s→0

[χ(A∩B(x,r)∩{p such that (p− x).ξ ≤ t})|t=+s
t=−s],

where χ denotes here the Euler characteristic (Figs. 20.2 and 20.3).
Note that iA may have no sense if the Euler characteristic is taken for an object

which has no finite homology. On the other hand, when A is a stratified set, iA(x,ξ )
is just the index of x considered as a critical point of the height function defined by

Fig. 20.2 In this example,
iA(x,ξ ) = 0

x

ξ

A
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Fig. 20.3 In this example,
iA(x,ξ ) = 4 A

ξ

x

ξ . In some sense, iA(x,ξ ) can be viewed as the multiplicity of (x,ξ ). In any case, if
iA exists, it is unique in a certain sense. Let us explain this last point. Remember that
the normal bundle T⊥Mn of a smooth submanifold Mn (of E

N) is Lagrangian with
respect to the canonical symplectic structure Ω of TE

N � E
N ×E

N , and the unit
normal bundle ST⊥Mn is Legendrian with respect to the canonical Liouville form
α on STE

N = E
N × S

N−1 (see Theorem 34). We mimic this property for integral
currents in the next definition.

Definition 47. An integral (N − 1)-current C of E
N × S

N−1 is Legendrian if it
satisfies

< C,α ∧ω >= 0 (20.4)

for all ω ∈ DN−2(EN ×S
N−1).

Fu [48] proved the following theorem.

Theorem 64. Let A be a compact subset of E
n. There exists at most one closed

compactly supported integral current SA ∈ IN−1(STE
N) such that:

• SA is Legendrian.
• For all smooth functions ϕ in STE

N,

< SA,ϕ(x,ξ )dv
S

n−1 >=
∫

S
N−1 ∑

x∈E
n
ϕ(x,ξ )iA(x,ξ )dv

S
N−1 .

Following [48], we give the following result.

Definition 48. Let A be a compact subset of E
n. If iA and SA exist, then A is said

to be geometric. In this case, SA is denoted by N(A). It is called the normal cycle
of A.

From the additivity of the Euler characteristic, one deduces the following impor-
tant theorem.
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Theorem 65. Let A,B,A∩B, and A∪B be four compact subsets of E
N. If three of

them are geometric, so is the fourth, and

N(A∪B) = N(A)+N(B)−N(A∩B). (20.5)

Of course, the reader must be convinced that Definition 48 and Theorem 65 are
consistent with our definition of the normal cycle of smooth submanifolds and poly-
hedra. We leave this verification to the reader.

20.3 A Convergence Theorem

This section deals with a general theorem of convergence of normal cycles previ-
ously defined. Fu [48] proved this result for a sequence (Pp)p∈N

of triangulated
polyhedra closely inscribed in a submanifold Mn of the Euclidean space (in the
sense of Definition 37) converging to Mn for the Hausdorff topology. He showed
that the sequence of normal cycles of Pp converges to the normal cycle of Mn for the
flat topology of currents. This result is a consequence of the compactness theorem
for integral currents mentioned in Chap. 12.

Theorem 66. Let Mn be a smooth submanifold of E
N. Let (Pp)p∈N

be a sequence
of polyhedra closely inscribed in Mn such that:

1. The Hausdorff limit of Pp is Mn when p tends to infinity.
2. The Hausdorff limit of ∂Pp is ∂Mn when p tends to infinity.
3. The fatness of Pp is uniformly bounded from below by a nonnegative constant:

∀p ≥ 0,∃c > 0 such that Θ(Pp) > c > 0.

Then,
lim
p→∞

N(Pp) = N(M)

for the flat topology.

The basic tools of this result are the convergence Theorem 40 for volumes which
we proved in Chap. 13 and the compactness theorem for bounded integral currents
(see Theorem 36). The assumptions are those described in Theorem 40: we assume
that the sequence of polyhedra closely inscribed in a smooth submanifold of E

N

converges to it with a bounded fatness. Under these assumptions, the sequence of
volumes of Pp tends to the volume of Mn. This implies in particular that the volumes
of Pp are uniformly bounded.

Sections 20.3.1 and 20.3.2 give details of the proof of Theorem 66.
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20.3.1 Boundness of the Mass of Normal Cycles

Now, the crucial point is to bound the sequence of the masses of the normal cycles
N(Pp).

Proposition 15. Under the assumptions of Theorem 66, the masses of the currents
N(Pp)p∈N

are uniformly bounded by a positive constant c > 0.

The proof of this proposition uses the following lemma, which is a consequence
of the uniform fatness of the sequence of triangulations.

Lemma 9. Under the assumptions of Theorem 66, there exists a constant C > 0 such
that for each p ∈ N and each vertex v of Pp, the number of simplices of Pp incident
to v is less than C.

As a consequence of this lemma and the fact that the volumes of the polyhedra
Pp are uniformly bounded by positive constant C, we can deduce that, for a fixed p,
the sum of the masses of the normal cycle localized over the vertices of each Pp
is bounded by a positive constant C0, independent of p. Using the same kind of
argument, we show that, for each k, the masses of the normal cycles localized over
the k-simplices of Pp are uniformly bounded by a positive constant Ck, independent
of p. The proposition follows by using the additivity formula (20.5) for the normal
cycle, from which we deduce that

∀p ∈ N,M(N(Pp)) ≤C0 + ...+Cn

and Proposition 15 is proved by taking c = C0 + ...+Cn.

20.3.2 Convergence of the Normal Cycles

Using Sect. 20.3.1, we can now show that the sequence of normal cycles N(Pp)p∈N
converges when p tends to infinity. First, we apply the compactness Theorem 36
for integral currents mentioned in Chap. 12 to the sequence N(Pp)p∈N

. We deduce
that there exists a subsequence N(Ppq)q∈N

of N(Pp)p∈N
, which converges to an

integral current T . Now, by construction, the support of T lies in Mn and the support
of ∂T lies in ∂Mn. Then, the constancy Theorem 35 implies that

lim
q→∞

N(Ppq) = N(M)

(in our framework, the convergence of the volumes implies that a = 1). Since this
equality is independent of the choice of the convergent subsequence, we deduce that
the sequence of normal cycles N(Pp)p∈N

converges when p tends to infinity.
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20.4 Approximation of Normal Cycles

This section deals with a general approximation result: we assume that a geomet-
ric subset W of E

N (in the sense of Definition 48) is close to a compact (smooth)
hypersurface W and we give an approximation of the curvatures of W with respect
to those of W . Basically, we evaluate an upper bound on the flat norm of the dif-
ference of the normal cycle of the compact subset K of E

N whose boundary is W
and the normal cycle of the geometric compact subset K whose boundary is W (see
Definitions 49 and 50). This result [35] can be considered as a quantitative version
of the convergence Theorem 66. Note that we do not use the compactness theorem
for currents, which is a crucial tool in the proof of Theorem 66. Although we re-
strict our study to hypersurfaces for simplicity, the reader can adapt the results to
any codimension.

We are not able to prove our result in full generality: for technical reasons, we
need a restrictive condition on a “small part” of the boundary W of K. We introduce
the following result.

Definition 49. A subset K of E
n is weakly regular if there exists a point of ∂K

having a neighborhood in K diffeomorphic to a half-space.

For instance, a codimension one polyhedron is weakly regular. This definition
may seem somewhat artificial, but we need it in the proof of Theorem 67 when we
apply the constancy theorem for integral currents.

The main quantity involved in the study of the couple K and K is the angular
deviation, which is a direct generalization of the angular deviation defined for sub-
manifolds “close to each other” in Definition 34. We give a precise definition.

Definition 50. Let W be a (compact smooth oriented) hypersurface of E
N and W be

a geometric subset of E
N closely near W :

• Let p ∈W . The angular deviation between p and prW (p)1 is the maximal angle
αp between np and ξprW (p) when (p,np) ∈ spt N(K) (where ξ denotes the unit
normal vector field of W ).

• If B is any Borel subset of W , the deviation angle between B and prW (B) is the
real number αB = supp∈Bαp.

We can now prove the following theorem.

Theorem 67. If W is weakly regular and closely near W, then, for any (connected)
Borel subset B ⊂W ,

F(N(K)|TBE
N −N(K)|TprW (B)E

N ) ≤

(δB +αB)[
2(1+|hprW (B)|)
1−δB|hprW (B)|

]n−1(M(N(K)|TBE
N )+M(∂N(K|TBE

N ))),

1 As before, prW (p) denotes the orthogonal projection of p onto W .
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where δB denotes the Hausdorff distance between B and prW (B), and |hprW (B)| de-
notes the supremum over prW (B) of the norm of the second fundamental form of W.

The rest of this chapter is devoted to the proof of Theorem 67. A detailed proof can
be found in [35].

Sketch of proof of Theorem 67 By assumption, W lies in U = Ur(W ), where r is
the reach of W . Consider the map f defined by the diagram

TUE
N f−→ spt N(K)

π ↓ ↑ G

U
pr−→ W

To simplify the notations, we define the (n−1)-current D by

D = N(K)|TBE
N

and E by
E = N(K)|Tpr(B)E

N . �

Lemma 10. One has
f�(D) = E.

Proof of Lemma 10 We apply the constancy Theorem 35 to f , N(K), and N(K):
since the support of the image by f of N(K) is included in the support of N(K),
there exists an integer c such that

f�(N(K)) = cN(K). (20.6)

We need to prove that c = 1. First of all, by a classical property of (proper)
smooth maps between currents (see [43, p. 359]), one has

f�(N(K)| f−1(A)) = f�(N(K))|A (20.7)

for every Borel subset A of TUE
N . Then, (20.6) and (20.7) imply that

f�(N(K)| f−1(A)) = cN(K)|A.

We will apply this equality to the following subset A. By assumption, W con-
tains a point having a neighborhood (in K) diffeomorphic to a half-space. In this
neighborhood, there exists a neighborhood U whose closure is diffeomorphic to a
half-ball. The subset K is the union of U and the closure of K\U . Since U , K, and
K\U ∩U are geometric, we can apply the additivity property of the normal cycles
(20.5) and deduce that the normal cycle of K over U ∩W is the current associated
to the unit normal bundle (of dimension 1) of U ∩W . Since the restriction of prW
to U is one-to-one onto prW (U), the restriction of f to the support of N(K)|TUE

n is
(smooth and) one-to-one onto N(K)|TprW UE

n , and
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f�((N(K)|TUE
N ) = N(K)|TprW (U)E

n . (20.8)

Taking A = TprW(U)E
n in (20.7), we deduce that c = 1. �

Now, we define a homotopy g between f and the identity. We put

g : TB̃E
n × [0,1] → TE

n, (20.9)

with
g(Xx, t) = (1− t)Xx + t f (Xx).

We define the n-current:
C = g�(D× [0,1]).

The homotopy formula for currents (see Theorem 37) gives immediately

∂C = f�(D)−D−g�(∂D× [0,1]).

Moreover, we have the following proposition.

Proposition 16.

F(D−E) ≤ (M(D)+M(∂D))sup
t

sup
sptD

[(|dg
dt

|)(|dgt |n−2, |dgt |n−1)].

Proof of Proposition 16 To evaluate the flat norm of D−E, we decompose D−E
into a sum of an (n−1)-current and the boundary of an n-current, by writing

D−E = ∂C−g�(∂D× [0,1]).

By definition of the flat norm,

F(D−E) ≤ M(C)+M(g�(∂D× [0,1]).

To evaluate M(C) and M(g�(∂D× [0,1])), we use the fact that D is representable
by integration. By a computation similar to [42, 4.1.9], we have

M(C) = M(g�(D× [0,1]))

≤
∫

[0,1]
M(D) sup

sptD×{t}
(|dg

dt
|) sup

sptD×{t}
(|dgt |n−1)dt

and

M(g�(∂D× [0,1])) ≤
∫

[0,1]
M(∂D) sup

sptD×{t}
|dg
dt

| sup
sptD×{t}

(|dgt |n−2)dt,

from which we deduce Proposition 16. �
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End of the proof of Theorem 67 Now, B satisfies

δB|hprW (B)| < 1,

|dpr|B̃| ≤
1

1−δB|hpr(B)|
,

and

|dgt |n−1 ≤ (1− t)+ t(
1+ |hprW (B)|

1−δB|hprW (B)|
)n−1 ≤ (

2(1+ |hprW (B)|)
1−δB|hprW (B)|

)n−1,

from which we deduce Theorem 67. �



Chapter 21
Curvature Measures of Geometric Sets

We give here a general framework to compute the kth-generalized curvature of a
geometric subset of E

N as defined in Definition 48. We also apply the results of
Chap. 20 to obtain convergence and approximation theorems on curvature measures.

21.1 Definition of Curvatures

If C is any (N − 1)-current on E
N × S

N−1, the kth-curvature Mk(C) of C can be
defined by the formula

Mk(C) =< C,Wk > .

To define the curvature of any geometric (compact) subset of E
N , we use its

normal cycle.1

Definition 51. Let A be a (compact) geometric subset of E
N . Then, the kth-curvature

Mk(A) of A is the real number defined by the formula

Mk(A) =< N(A),Wk > . (21.1)

In particular cases (convex subsets, smooth submanifolds, subsets with positive
reach, and polyhedra), the simple construction of the corresponding normal cycles
allows us to evaluate these curvatures explicitly. We shall see later that they coin-
cide (up to a constant depending on the dimensions) with the coefficients Φk of the
Steiner polynomials of the studied objects.

1 A complete theory should assign a series of curvatures to any (compact) subset of E
N . However,

we have seen that, up to now, we do not have a general theory to construct a suitable normal cycle
for any compact subset of E

N . A possible way to extend the theory to “all compact subsets” could
be to modify the definition of the normal cycle given in Chap. 20.

205
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21.1.1 The Case of Smooth Submanifolds

Let Mn be an n-dimensional (smooth) submanifold of E
N . Let m be a point of Mn

and U be a neighborhood of m. Let ξ be a unit normal vector field on U . Let

(e1,e2, . . . ,en)

be an orthonormal frame of TU and let

(ξ1,ξ2,ξ3, . . . ,ξN−n−1,ξN−n = ξ )

be an orthonormal frame of T⊥U . We can complete the previous frame to get, at
each point (m,ξ ), an orthonormal frame of T(m,ξ )E

N ×S
N−1 adapted to Mn in the

following way. The vectors

ε1 =
(

e1
0

)
,ε2 =

(
e2
0

)
, . . . ,εn =

(
en
0

)
,

εn+1 =
(
ξ1
0

)
,εn+2 =

(
ξ2
0

)
, . . . ,εN =

(
ξN−n

0

)
,

ε̃1 =
(

0
e1

)
, ε̃2 =

(
0
e2

)
, . . . , ε̃n =

(
0
en

)
,

ε̃n+1 =
(

0
ξ1

)
, . . . , ε̃N−1 =

(
0

ξN−n−1

)

(21.2)

define an orthonormal frame of T(m,ξ )E
N ×S

N−1. The (N −1)-form

εMn =
(

e1
De1ξ

)
∧

(
e2

De2ξ

)
∧ . . .∧

(
en

Denξ

)
∧

(
0
ξ1

)
∧

(
0
ξ2

)
∧ . . .∧

(
0

ξN−n−1

)

is a (global) volume form of ST⊥Mn.
Let

(hξi j) =< Deiξ ,e j >

be the second fundamental form in the direction ξ and let Ξk(ξ ) be the correspond-
ing kth-mean curvature (see (11.15)). Denoting by < ., . > the scalar product on
differential forms induced by the standard scalar product on E

N × S
N−1, we have

the following proposition.

Proposition 17. At every point (m,ξ ) of ST⊥Mn,
⎧
⎪⎨

⎪⎩

< Wk,εMn >(m,ξ ) = 0 if k < N −n−1,

< W(N−n−1),εMn) >(m,ξ ) = 1,

< W(N−n−1+k),εMn >(m,ξ ) = Ξk(ξ ).
(21.3)
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In particular,
< W(N−1),εMn >(m,ξ )= det hξ . (21.4)

Consequently, integrating these forms on the unit normal bundle of the subman-
ifold Mn, we obtain, via the Gauss equation, the classical invariants Φk(M) (we use
the same notations as in Chap. 17):

< N(Mn),WN−n−1+k >=
n!

(N − k)!k!sk−1
ΦN−n+k(Mn). (21.5)

We deduce the following theorem.

Theorem 68. Let Mn be a smooth compact oriented submanifold of E
N. Then

{
MN−n−1+k(Mn) = n!

(N−k)!k!sk−1
ΦN−n+k(Mn),∀k ≥ 0,

Mk(Mn) = 0, in the other cases,
(21.6)

where Φk(Mn) denotes the coefficients of the Steiner polynomial of Mn.

Remarks

1. In particular,
MN−n−1(Mn) =

sN−n−1

sN−1
Voln(Mn). (21.7)

2. On the other hand, using the Gauss–Bonnet theorem and (21.6), we see that,
when n is even,

MN−1(Mn) =
bN

sn−1
χ(Mn). (21.8)

3. If Mn has no boundary, we deduce that, if k is odd,

Mk(Mn) = 0 (21.9)

(this can be seen by using the skew-symmetry of Wk: for every (m,ξ ),

W(N−n+2l)(m,−ξ )
= −W(N−n+2l)(m,ξ )

). (21.10)

4. In other words, we can simplify the previous result as follows.

Corollary 15. Let Mn be a compact oriented n-dimensional submanifold of E
N.

Then, the Weyl tubes formula can be stated as follows:

VolN(Mn
ε ) =

k=N

∑
k=0

Φk(Mn)εk, (21.11)

with
Φk(Mn) = C(k,n,N)Mk−1(Mn), (21.12)

where C(k,n,N) is a positive constant depending only on the dimensions.
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21.1.2 The Case of Polyhedra

To evaluate the invariant forms on the normal cycle of a polyhedron in E
N , we begin

by evaluating them on the elementary simplices and then applying the fundamental
formula (see (20.1) or (20.5)):

N(A∪B) = N(A)+N(B)−N(A∩B) (21.13)

for every geometric subsets A,B in E
N . Consequently, we only need to evaluate the

curvatures Mk on simplices.

Theorem 69. Let σ l be an l-simplex of E
N. Then, for every k,

Mk(σ l) = ∑
σk⊂σ l

Volk(σ k)(σ k,σ l)∗. (21.14)

Proof of Theorem 69 Let F be an affine l-dimensional subspace of E
N . Let

(e1,e2, . . . ,el) be an orthonormal frame of F and let ξ be a unit vector orthogonal
to F . Complete (e1,e2, . . . ,el ,ξ ) to obtain an orthonormal frame

(e1,e2, . . . ,el ,ξ ,ξ2 . . . ,ξN−l)

of E
N .

Let m be a point of F . With the previous notation,

(ε) =
(

e1
0

)
,

(
e2
0

)
, . . . ,

(
el
0

)
,

(
0
ξ2

)
, . . . ,

(
0

ξN−l

)

is an orthonormal frame of T N(F) at (m,ξ ).
We have {

Wk(ε) = 0 if k 
= N − l −1,

WN−l−1(ε) = 1.
(21.15)

Now, let Q be an open set of (the support of) N(F) of the form U ×U ′, where U
is an open set of F and U ′ is an open set of F⊥ ∩S

N−1. We have
{

< Wk,Q > = 0 if k 
= N − l −1,

< W(N−l−1),Q > = Vol(U)Vol(U ′).
(21.16)

Note that the support of the normal cycle of an l-simplex can be decomposed into
the disjoint union of open sets of the previous shape:

suppt N(σ l) = ∪σk⊂σ l int(σ k)Cσk , (21.17)

where Cσk is the cone which has been used for the definition of the exterior dihedral
angle. Now, by Definition 51,
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Mk(σ l) =< N(σ l),Wk > .

The conclusion follows. �

Remarks

1. Equation (21.14) must be compared with (16.10), which only deals with convex
bodies.

2. If P is any n-dimensional polyhedron, we still have

Mn(P) =< N(P),Wn >= Voln(P). (21.18)

3. On the other hand, an easy computation gives

MN−1(P) =< N(P),WN−1 >=
N!
n!

sN−1χ(P). (21.19)

4. If P has no boundary, we have

< N(P),W(N−n+2l) >= 0, (21.20)

since W((N−n−1)+2l+1(m,−ξ )) = −W((N−n−1)+2l+1(m,ξ )).
5. Of course, if P is the boundary of a convex domain, the results found here are

consistent with Theorem 47:

< N(P),Wk >= ∑
σ (N− j)⊂σ̄k

(−1)k−(N− j)Vol(σN− j).(σN− j,σ k)∗. (21.21)

21.2 Continuity of the Mk

Since we do not have a general construction of the normal cycle of any compact
subset of E

N , a general convergence theorem is up to now impossible. However,
we can give a basic framework for such a result and apply it in special cases: if
(Aq)q∈N

is a sequence of geometric subsets admitting normal cycles N(Aq), such
that (N(Aq))q∈N

converges (as a sequence of currents for the weak topology) to a
current N of E

N ×S
N−1, then by definition of the weak convergence,

∀k ∈ (0, ...,N), lim
q→∞

< N(Aq),Wk >=< N,Wk >,

i.e.,
∀k ∈ (0, ...,N), lim

q→∞
Mk(Aq) =< N,Wk > .

But up to now, it is not known in full generality if < N,Wk > can represent the
kth-curvature of some geometric subset of E

N .
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21.3 Curvature Measures of Geometric Sets

Following Wintgen [83], Zähle [85, 86], and Fu [49], let us introduce the curvature
measures in a very general setting, extending the framework of Federer [42] for sub-
sets with positive reach, on which these measures were defined earlier in Chap. 18.

Definition 52. Let A be a (compact) geometric subset of E
N . Then, the kth-curvature

measure on E
N with respect to A is defined by

MA
k (B) =< N(A),χ(B×S

N−1)Wk >

for any Borel subset B ⊂ E
N .2

To simplify the notations, we already used the letter Mk for defining the kth-
curvature of a geometric subset. One has Mk(A) = MA

k (A) for every Borel subset
A of E

N .

Remark It is important to note that these measures are signed measures on E
N ,

which coincide with the measures defined in Chap. 18 for subsets with positive
reach.

21.4 Convergence and Approximation Theorems

Using the main results on convergence and approximations on normal cycles (see
Theorems 66 and 67), we deduce immediately convergence and approximation re-
sults for the curvature measures associated to geometric sets. The following result
has been proved by Fu [48].

Theorem 70. Let Mn be a smooth (compact) submanifold of E
N. Let (Pp)p∈N

be a
sequence of (compact) polyhedra closely inscribed in Mn such that:

1. The Hausdorff limit of Pp is Mn when p tends to infinity.
2. The Hausdorff limit of ∂Pp is ∂Mn when p tends to infinity.
3. The fatness of Pp is uniformly bounded from below by a nonnegative constant:

∃c > 0 such that ,∀p ≥ 0,Θ(Pp) > c > 0.

Then for each k, the sequence of curvature measures MPp
k weakly converges3 to the

curvature measure MMn

k .

Proof of Theorem 70 The proof is (almost) obvious since, under our assumptions,
Theorem 66 claims that the sequence of normal cycles N(Pp) tends to the normal
cycle of Mn for the flat topology. For every Borel subset B of E

N , one has

2 χ denotes here the characteristic function.
3 In the sense of Definition 17.
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MPp
k (B) =< N(Pp),χ(B×E

N)Wk >

and
MMn

k (B) =< N(Mn),χ(B×E
N)Wk > .

By standard arguments,4 we deduce that the sequence of curvature measures
MPp

k weakly converges to the curvature measure MMn

k .
We also get the following approximation result for geometric subsets. We use the

notation of Sect. 20.4. We assume that V is a weakly regular geometric subset of E
N ,

which bounds the geometric subset K of E
N in the sense of Definition 48. Moreover,

we assume that V is closely near a smooth (closed) hypersurface W which bounds a
compact domain K, as defined in Definition 33. Let B be a (connected) Borel subset
of V . �

Theorem 71. For all k,0 ≤ k ≤ N −1,

|MK
k (B)−MK

k (prW B)| ≤

(δB +αB)[
2(1+ |hprW (B)|)
1−δB|hprW (B)|

]N−1(M(N(K)
|TBE

N )+M(∂N(K)
|TBE

N )).

Proof of Theorem 71 By definition,

|MK
k (B)−MK

k (B)| =< N(K)−N(K),χ(B×S
N−1)Wk > .

Now, by definition of the flat norm and from Theorem 67,

< N(K)−N(K),χ(B×S
N−1)Wk >≤F(N(K)|TBE

N −N(K)|TprW (B)E
N )

≤ (δB +αB)[
2(1+ |hprW (B)|)
1−δB|hprW (B)|

]N−1(M(N(K)|TBE
N )+M(∂N(K|TBE

N ))). �

We end this section by remarking that Rataj and Zähle [68–70, 89] proved con-
vergence results for curvature measures in a large frame, introducing in particular
the space of second-order rectifiable currents. Moreover, instead of dealing with a
sequence of polyhedra converging to a smooth submanifold, Brehm and Kühnel [22]
obtained convergence results on curvatures for a sequence of smooth submanifolds
converging to a polyhedron. See also [13] for the definition of Lipschitz–Killing
invariants in a general setting.

4 The only difficulty lies in the fact that the weak convergence of measures involves integration
over continuous functions, while the flat convergence of currents involves C∞-differential forms
with compact support. The masses of the involved normal cycles being uniformly bounded by
Proposition 15, one classically solves this difficulty by approximating continuous functions by a
sequence of C∞-functions. This remark is due to J. Fu in a private communication.



Chapter 22
Second Fundamental Measure

In Chap. 21, we have seen how to define generalized Lipschitz–Killing curvature
measures on geometric subsets, which generalize the Lipschitz–Killing curvature
measures on smooth surfaces. However, the geometry of a smooth submanifold
needs more precise invariants, like principal directions, principal curvatures, and
lines of curvatures, which are determined by the full knowledge of the second fun-
damental tensor. The goal of this chapter is to propose a definition of a second
fundamental measure, which can be evaluated on nonsmooth objects using the the-
ory of the normal cycle.

22.1 A Vector-Valued Invariant Form

In this section, we introduce an (N −1)-form on E
N ×S

N−1 depending (bi)linearly
on two parallel vector fields defined on E

N . In this context, it may be clearer to
consider that S

N−1 is the unit sphere of E
N and write E

N ×S
N−1 ⊂E

n×E
N � TE

N .
Moreover, we shall identify frequently the first and the second factor of E

N ×E
N .

Let U be an open neighborhood of a point (m,ξ ) ∈ E
n × S

N−1. Once again, let
(e1, ...,en) be a local orthonormal frame on E

N such that eN = ξ . We use the notation
of Chap. 21. For two fixed vectors ei0 
= en and e j0 
= en, we define the (n−1)-form

hi0, j0 = (−1)N−i0ε1 ∧ ...∧ ˆε i0 ∧ ...∧ ˆεN ∧ ε̃ j0 .

When the two indices i0 and j0 vary, the previous formula defines a tensor of type
(0,2), independent of the orthonormal local frame (e1, ...,eN): if X ,Y ∈ E

N ,X =
∑N

i=1 Xiei,Y = ∑N
i=1 Y iei, then

h(X ,Y ) =
N−1

∑
i, j=1

XiY jhi, j.

213
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To simplify the notation, we put

h(X ,Y ) = hX ,Y .

Definition 53. The form hX ,Y is called the fundamental (N −1)-form associated to
the couple (X ,Y ).

The tensor h has an interesting property involving the symplectic structure Ω
on T M.

Proposition 18. For every X ,Y in E
N, there exists an (N − 3)-form ΨX ,Y on T E

n

such that
hX ,Y −hY,X = Ω∧ΨX ,Y .

Proof of Proposition 18 Using the linearity, we shall deal with an orthonormal
frame (ε i, ε̃ j). The only interesting case occurs when we consider two indices hi0 j0
with i0 and j0 different of n. In this case,

hi0 j0 −h j0i0 = (−1)N−i0ε1 ∧ ...∧ ˆε i0 ∧ ...∧ ε j ∧ ...∧ ε̂n ∧ ε̃ j0

− (−1)N− j0ε1 ∧ ...∧ ε̂ j0 ∧ ...∧ ε j ∧ ...∧ ε̂n ∧ ε̃i0

= ±(ε i0 ∧ ε̃i0 + ε j0 ∧ ε̃ j0)∧ (Λk 
=i0, j0,nεk)

= ±Ω∧ (ε i ∧ ...∧ ε j). �

(22.1)

22.2 Second Fundamental Measure Associated
to a Geometric Set

In the same flavor as Definition 51, we give the following result.

Definition 54. Let K be a compact geometric subset of E
N and let X ,Y be any paral-

lel vector fields lying in E
N . Then, the second fundamental measure hX ,Y

K associated
to K in the directions X ,Y is defined by

hX ,Y
K (B) =< N(K),χ

B×E
N hX ,Y >

for every Borel subset B of M.

Here is a remarkable symmetry property of hK.

Proposition 19. Let K be any geometric subset and let B be any Borel subset of M.
Then, hX ,Y

K (B) is symmetric in X ,Y .

Proof of Proposition 19 This is a direct consequence of the fact that normal cycles
are Legendrian and then cancel the symplectic form Ω restricted to E

N × S
N−1.

Using Proposition 18 and its notations,

hX ,Y
K (B)−hY,X

K (B) =< N(K),χ
B×E

NΩ∧ΨX ,Y >= 0. �
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22.3 The Case of a Smooth Hypersurface

As we have seen, the goal of the second fundamental measure is to generalize the
second fundamental form of a hypersurface. For further use, we shall extend a little
the definition of the classical second fundamental form. Suppose that K is a compact
domain of E

N whose boundary is an oriented (smooth) hypersurface of W . At each
point p of W , we denote by h̃p the bilinear form

h̃Mp : E
N
p ×E

N
p → R,

defined by composition of the second fundamental form hp of W at p with the pro-
jection prTpW onto TpW :

h̃Wp = hp ◦ (prTpW ,prTpW ).

Here, h̃Wp is clearly null on the normal space of W at p. The only difference is that
it is defined on the whole tangent space of E

N at p.
As in Chap. 21, we can give an explicit expression of h in particular cases. We

need to introduce the Gauss map G associated to the immersion of W :

G : W ↪→ E
N ×E

N ,

defined by
G(m) = (m,ξm).

Proposition 20. One has

∀X ,Y ∈ TW,h(X ,Y )dvW = G∗h(X ,Y ),

where dvW denotes the volume form of W.

Proof of Proposition 20 Let (e1, ...,en) be a local frame of M such that e1, ...,en−1
are tangent to W and en is normal to M. Let (ei0 ,e j0) be two vectors of this frame,
different to en. Then

G∗h(ei0 ,e j0)(e1, ...,en−1) = h(ei0 ,e j0)(dG(e1), ...,dG(en−1))
= Θ j0(dG(ei0))
= h(ei0 ,e j0). �

(22.2)

An immediate corollary can be stated as follows. Let B be a Borel subset of W .

Corollary 16.

< ST⊥
B∩WW,hprTW X ,prTW Y >=

∫

B∩W
h(prTW X ,prTWY )dvW . (22.3)
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22.4 The Case of a Polyhedron

Next, we assume that P is an N-dimensional polyhedron of E
N . We shall evaluate

hX ,Y
P for any (parallel) vector fields X ,Y ∈ E

N . Since the normal cycle N(P) can be
decomposed as a sum of elementary currents, the support of which lies above each
simplex of dimension i,1 ≤ i ≤ N − 1, we shall evaluate hX ,Y above each simplex.
If σ k is any k-dimensional simplex of P, the support of N(P) lying above σ k is
the product of σ k by a portion of a vertical (N − k − 1)-sphere. In particular, the
support of N(P)|σN−2 is the product σN−2 ×Cσ , where C is a portion of circle. Let
(e1, ...,eN−2) be an orthonormal frame field tangent to σN−2. Any point of σN−2 ×
Cσ is a couple (m,eN−1), where m is a point of σN−2 and eN−1 is a unit vector
orthogonal to σN−2. With these notations, we have the following theorem.

Theorem 72. For every Borel set B ⊂ E
N,

hX ,Y
P (B) = ∑

σN−2⊂∂P

∫

σN−2∩B×C
< X ,e(N−1) >< Y,e(N−1) > .

Sketch of proof of Theorem 72 At each point of STE
N , the form hX ,Y is the wedge

product of an (N − 2)-form tangent to the horizontal bundle and a 1-form tangent
to the vertical bundle. Consequently, when we plug it in the normal cycle of P, the
only non-null contribution is given by the (N − 2)-simplices of ∂P. The explicit
computation gives trivially the theorem. �

22.5 Convergence and Approximation

Using the same techniques as those developed in Chap. 20, we have a convergence
result for the second fundamental measure of polyhedra and a general approxima-
tion result for the second fundamental measure of geometric sets.

Theorem 73. Let Mn be a smooth submanifold of E
N. Let (Pp)p∈N

be a sequence
of polyhedra strongly inscribed in Mn such that:

1. The Hausdorff limit of Pp is Mn when p tends to infinity.
2. The Hausdorff limit of ∂Pp is ∂Mn when p tends to infinity.
3. The fatness of Pp is uniformly bounded by below by a nonnegative constant:

∃c > 0 such that ∀p ≥ 0,Θ(Pp) > c > 0.

Then, the sequence of second fundamental measures (hPp)p∈N
converges to the sec-

ond fundamental measure hMn for the weak topology of measures.

Corresponding to Theorem 71, we have the following re sult, using the notation
of Chap. 21. We assume that W is a weakly regular geometric subset of E

N which
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bounds the geometric subset K of E
N . Moreover, we assume that W is closely near

a smooth (closed) hypersurface W which bounds a compact domain K.

Theorem 74. For every Borel subset of E
N,

|hK(B)−hK(B)| ≤

(δB +αB)[
2(1+ |hprW (B)|)
1−δB|hprW (B)|

]N−1(M(N(K)|TBE
N )+M(∂N(K|TBE

N ))).

22.6 An Example of Application

We present here a concrete application in graphism. The goal is to visualize the lo-
cal geometry of Michelangelo’s David. Let us consider a given triangulation P of
the head of David. Let B be a union of triangles around a vertex v1 and compute
the curvature tensor hP(B). We get a 3× 3 symmetric matrix which can be diago-
nalized. We deduce three orthogonal eigendirections. By analogy with the smooth
case (where the normal direction to the surface is associated to a null eigenvalue),
we define the normal direction of B∩P as the direction associated to the smallest
eigenvalue. The two others are called the principal directions. They are associated
to the two other eigenvalues, called the principal curvatures of B∩P. We can now
draw the directions of minimal curvatures and integrate them to obtain lines of cur-
vatures (see Fig. 22.1).

Although the visual result seems fine, we must temper our optimism:

• If the curvature tensor has rank 1, then the estimated normal may lie anywhere
in the plane orthogonal to the third eigendirection.

• The result depends obviously on the chosen union of triangles B.
• Finally, since we do not have any equation of a smooth surface underlying the

triangulation,2 our theorem of approximation (Theorem 74) does not give any
information.

1 More precisely, we take the 1-ring or the 2-ring around v.
2 That is, a “smooth David.”
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Fig. 22.1 Here is an example of directions of minimal curvatures and lines of minimal curvatures,
estimated on Michelangelo’s David. The first image is the triangulation on which the second fun-
damental measure has been estimated. These images are courtesy of Digital Michelangelo Project,
Stanford University, and courtesy of the I.N.R.I.A. project team Geometrica



Chapter 23
Curvature Measures in E

2

23.1 Invariant Forms of E
2 ×S

1

The determination of the invariant 1-forms of E
2 ×S

1 can be easily deduced from
Chap. 19. Let (m,ξ ) be a point of E

2 ×S
1. Consider an orthonormal frame of E

2

whose second vector is ξ : (e1,e2 = ξ ). Then, an orthonormal frame of T(m,ξ )E
2×S

1

is given by the vectors

ε1 =
(

e1
0

)
, ε2 =

(
e2 = ξ

0

)
, ε̃1 =

(
0
e1

)
.

We deduce from Theorem 63 that the space of invariant 1-forms on E
2 ×S

1 has
dimension 2. By identifying as usual 1-forms with vectors, we conclude that, at a
point (p,ξ = e2), the space of invariant 1-forms is spanned by the forms

W0 = ε1, W1 = ε̃1.

23.2 Bounded Domains in E
2

We now restrict our attention to (embedded) smooth curves or polygon lines with or
without boundary embedded in E

2. When they are closed, they can be considered
as the boundary of a (bounded) domain. We study in detail their normal cycle.

23.2.1 The Normal Cycle of a Bounded Domain

Consider a domain D whose boundary is a closed (embedded) curve:

• If this curve is smooth, then the normal cycle N(D) is nothing but the cycle whose
support is the unit normal bundle of D. The orientation of N(D) is given by the

221
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2

Fig. 23.1 The image by
the exponential map of the
support of the normal cycle of
a domain D of E

2 is the curve
γ . The orientation is given by
transport of the orientation of
the boundary

γ

outward normal, via the exponential map. More precisely, if U is a “suitable”
neighborhood of D, then the exponential map

exp : TU →U

given by
(x,η) → x+ εη ,

where ε is small enough, allows us to identify the support of N(D) with a closed
curve in E

2. This closed curve has a canonical orientation given by its outward
normal, which induces an orientation of the support of N(D) (Fig. 23.1).

• Suppose now that D has a (closed) polygonal boundary P:

– The simplest situation is the case where D is a (full) triangle. Then, N(D) can
be decomposed as the sum of two currents, Ne(D) over the edges and Nv(D)
over the vertices as follows:

1. Over an edge e, the support of the normal cycle is

e×ξe ∈ E
2 ×S

1,

where ξe denotes the outward unit normal to e.
2. Over a vertex v, the support of the normal cycle is

v×Cv ∈ E
2 ×S

1,

where Cv denotes the arc of the unit circle joining the outward normals of
the edges incident at v.

The orientation of N(D) is determined as before (Fig. 23.2).
– Let us generalize this situation: suppose that the boundary of D is a closed

(embedded) polygon line. One can recover the normal cycle of D by decom-
posing D into triangles and apply the additivity formula (20.1). It is easy to
check that N(D) can be decomposed as the sum of two currents, Ne(D) over
the edges and Nv(D) over the vertices as follows:
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Fig. 23.2 The image by
the exponential map of the
support of the normal cycle
of a full triangle D of E

2 is
the curve γ . The orientation
is given by transport of the
orientation of the boundary

γ

Fig. 23.3 The image by the
exponential map of the sup-
port of the normal cycle “over
the vertices” of a polygonal
domain D of E

2, with the
correct orientation (for clarity
in the picture, we do not draw
the support of the normal cy-
cle of D over the edges)

1. Over an edge e of the boundary of D, the support of Ne(D) is the segment
e×ξe, where ξe is the outward normal to e.

2. Over a vertex v of the boundary of D, the support of Nv(D) is the segment
v×Cv, where Cv denotes the arc of the unit joining the outward normals of
the edges of the boundary of D incident at v.

3. All other contributions of the vertices and edges in the interior of D cancel
(Fig. 23.3).

23.2.2 The Mass of the Normal Cycle of a Domain in E
2

Using Sect. 23.2.1, it is easy to evaluate the mass of the normal cycle of a domain
D in E

2. It will be interesting to localize our formulas, to allow us to apply the
approximation Theorem 71:

• If the boundary of D is a smooth (closed) curve γ , then the mass M(N(D)) is the
length of its normal bundle:

M(N(D)) =
∫

γ
(1+2k + k2)ds,

where k denotes the curvature of γ .
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Let us localize this formula. Although we could take any Borel subset, we restrict
our attention to Borel subsets B of γ:

M(N(D)
B×E

3) =
∫

γ ∩B
(1+2k + k2)ds.

• If the boundary of D is a (closed) polygonal line P, then the mass M(N(D)) can
be computed by decomposing N(D). Clearly, M(N(D)) is the sum of the length
of the edges of P and the absolute value of the angles |∠(v)| at each vertex v
between the normals of two consecutive edges:

M(N(D)) = l(P)+∑
v∈P

|∠(v)|.

Of course, if we restrict our computation to B, then

M(N(D)|B×E
2) = l(P)+ ∑

v∈P∩B
|∠(v)|.

23.3 Plane Curves

23.3.1 The Normal Cycle of an (Embedded) Curve in E
2

• If the curve is smooth, its normal cycle is nothing but its unit normal bundle
(Fig. 23.4).

• Let us now consider a planar polygon. To compute its normal cycle, we need to
compute the normal cycles of a point and a segment and then use the additivity
formula (20.1):

– If p is reduced to a point of E
2, N(p) is the current whose support is the

(oriented) curve {p}×S
1.

Fig. 23.4 The image by
the exponential map of the
support of the normal cycle
N(C) of a smooth curve
C of E

2. Note that N(C)
has a canonical orientation,
which does not depend on the
orientation of C

N(C)

C
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P

N(P)

Fig. 23.5 The image by the exponential map of the support of the normal cycle N(P) of the union
of two segments P in E

2

– If I = [α,β ] is a segment of E
2, N(I) is the current whose support is the

(oriented) curve composed of two half-circles α ×Cα and β ×Cβ and two
segments I ×ξ and I × (−ξ ), where ξ is a unit vector normal to a.

As before, the orientation is naturally given via the exponential map. Conse-
quently, by using the additivity formula (20.1), one can compute the normal cycle
of any (embedded) polygon in E

2 (Fig. 23.5):

– Over a vertex v which is not the boundary of the polygon, the support of the
normal cycle is the (oriented) curve composed of two arcs of a circle of length
∠(v), where ∠(v) is the angle of the normals of the two edges with common
vertex v.

– Over a vertex which is on the boundary of the polygon, the support of the
normal cycle is an (oriented) half-circle.

– Over an edge e, the support of the normal cycle is reduced to two (oriented)
segments whose length is l(e).

The orientation is given as before via the exponential map (Fig. 23.6).

23.3.2 The Mass of the Normal Cycle of a Curve in E
2

• If the curve C is smooth (regular and closed), then the mass of its normal cycle
(i.e., the mass of its normal bundle) is its length. Then:

– If C is closed,
M(N(C)) = 2

∫

C
(1+2k + k2)ds. (23.1)
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P

N(P)

+1

−1

00

+1

0 0

+1

Fig. 23.6 The explicit computation of the normal cycle N(P) of a union P of two segments of E
2.

The integration of any 1-differential form over N(P) must be taken over the oriented plain closed
curve, taking care of the orientation, as shown by the picture

– If C is not closed,

M(N(C)) = 2
∫

C
(1+2k + k2)ds+2π,

since one must add to (23.1) the mass of the normal cycle “over the end
points,” i.e., the length of two half-circles.

• If the curve is a polygonal line P, then the mass of its normal cycle is the sum of
the mass of the normal cycle “over the edges” and the mass of the normal cycle
“over the vertices”:

– If P is closed,

M(N(P)) = 2l(P)+ ∑
v vertices of P

∠(v). (23.2)

– If P is not closed,

M(N(P)) = 2l(P)+ ∑
v internal vertices of P

∠(v)+2π. (23.3)

23.4 The Length of Plane Curves

We now plug the invariant 1-forms W0,W1 onto the normal cycles of curves.

23.4.1 Smooth Curves

Consider a (regular) smooth curve γ : [a,b] → E
2 embedded in E

2. One can recover
its length by integrating W0 over its unit normal bundle N(γ). In fact, N(γ) can



23.5 The Curvature of Plane Curves 227

be decomposed into three parts: γ(a)×C1, γ(b)×C2, over the boundaries a and
b, where C1 and C2 are two half-circles, and two curves γ(u)× ξ (u) and γ(u)×
(−ξ )(u), where ξ is the unit normal vector field over γ . Then

< N(γ),W0 >=< C1,W0 > + < C2,W0 > +2
∫ b

a
|γ ′(u)|du.

The expression for W0 shows that the two first terms on the right-hand side cancel.
The third term is exactly twice the length of γ . Finally,

M0(γ) =< N(γ),W0 >= 2l(γ).

23.4.2 Polygon Lines

• Consider now a segment I of E
2. It is clear that

M0(I) =< N(I),W0 >= 2l(I).

• If a polygon is the union of two segments I1 and I2, then

N(I1 ∪ I2) = N(I1)+N(I2)−N(I1 ∩ I2).

Here, I1 ∩ I2 is reduced to a point v and the support of the normal cycle of v is
v×S

1, on which W0 is null. This implies that

M0(I1 ∪ I2) =< N(I1 ∪ I2),W0 >= l(I1)+ l(I2)+0 = l(I1 ∪ I2).

• More generally, if P is any polygon embedded in E
2,

M0(P) =< N(P),W0 >= 2l(P).

23.5 The Curvature of Plane Curves

23.5.1 Smooth Curves

Consider a regular smooth curve γ : [0, l] → E
2 (parametrized by the arc length)

embedded in E
2. We shall evaluate < N(γ),W1 >:

• If the curve is closed, then its normal cycle is the sum of two cycles: N1 parame-
trized by (γ(s),ξ (s)) and N2 parametrized by (γ(s),−ξ (s)), where s ∈ [0, l], ξ
being the unit normal vector field of γ . Now,

(γ,ξ )′(s) = (t,ξ ′) = (t,−kt),
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from which we deduce (taking suitable orientations) that

< N1,W1 >= −
∫ l

0
k(s)ds.

A similar computation shows that

< N2,W1 >=
∫ l

0
k(s)ds,

from which we deduce that

< N(γ),W1 >=< N1 +N2,W1 >= 0.

This means that to recover the integral of the curvature over γ , one needs to
consider only one component of the support of the normal cycle of γ . In other
words, suppose that γ bounds a domain D. Then, the support of its normal cycle
consists only of one curve (for instance N1). Then

< N1,W1 >=< N(D),W1 >=
∫

∂D
k(s)ds =

∫

γ
k(s)ds.

Consequently,

M1(D) =< N(D),W1 >=
∫

γ
k(s)ds.

• Suppose now that γ is not closed, i.e., γ(0) = α,γ(l) = β ,α 
= β . Then, the
support of its normal cycle is a closed curve, composed of two half-circles Cα
and Cβ , one over each end point, and two curves N1 and N2 as before. Then, the
same argument as previously shows that

< N1 +N2,W1 >= π+π = 2π.

Once again, we do not recover directly the curvature of the curve. We let the
reader find a way to “cut correctly the normal cycle” and find a good result.

23.5.2 Polygon Lines

Consider a polygon line P embedded in E
2. Let us evaluate

< N(P),W1 > .

• Suppose that P is closed. The support of N(P) has two connected components.
A direct computation shows that, over a vertex v, the support of the normal cycle
Nv is composed of two arcs of circles of the same length ∠(v), where ∠(v) is the
angle at v enclosed by the normal vectors of the two edges with common vertex
v. Since their orientation is opposite,
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< Nv(P),W1 >= 0

for every vertex v. Moreover, if e is an edge, the support of the normal cycle
Ne(P) restricted to e is the union of two segments, on which the integral of W1
is trivially null. Then

< Ne(P),W1 >= 0,

from which we deduce immediately that

< N(P),W1 >= 0.

The situation is similar to that of closed smooth curves: the integral of the form
W1 over the normal cycle of P does not give any information on its geometry.
However, consider the domain D bounded by P. One has

< N(D),W1 >= ∑
v vertex o f P

∠(v).

• Suppose now that P is not closed. Over each end point, the support of Nv(P) is a
half-circle. An argument similar to the previous one gives immediately

< N(P),W1 >= 2π.

The reader can now recover the sum of the angles at the vertices by integrating
W1 over a “part” of the normal cycle N(P). If one defines the current N+(P)
as the “part of the normal cycle whose support is on one side of P,” then one
finds that

< N+(P),W1 >= ∑
v vertex of P

∠(v)+π.

Consequently, it is natural to define the curvature M1(P) of a planar polygon
P by

M+
1 (P) = ∑

v vertex of P

∠(v).



Chapter 24
Curvature Measures in E

3

24.1 Invariant Forms of E
3 ×S

2

Using Chap. 19, we can describe the space of invariant 2-forms of E
3 × S

2. Let
(m,ξ ) be a point of E

3 × S
2. Consider an orthonormal frame of E

3 whose third
vector is ξ :

(e1,e2,e3 = ξ ).

An orthonormal frame of T(m,ξ )E
3 ×S

2 is given by the vectors

ε1 =
(

e1
0

)
,ε2 =

(
e2
0

)
,ε3 =

(
e3 = ξ

0

)
, ε̃1 =

(
0
e1

)
, ε̃2 =

(
0
e2

)
. (24.1)

Still using Theorem 63 and the identification of 1-forms with vectors, we see that
the space of invariant 2-forms of E

3 ×S
2 has dimension 4. At a point

(p,ξ = e3),

it is spanned by the four 2-forms

W0 = ε1 ∧ ε2, W1 = ε1 ∧ ε̃2 + ε̃1 ∧ ε2,

W2 = ε̃1 ∧ ε̃2, W3 = Ω|E3×S
2 = ε1 ∧ ε̃1 + ε2 ∧ ε̃2.

(24.2)

24.2 Space Curves and Polygons

24.2.1 The Normal Cycle of Space Curves

Once again, the normal cycle of a smooth curve is nothing but its unit normal bundle.
Let us now consider a polygon in E

3. To compute its normal cycle, we compute the
normal cycles of a point and a segment and then use the additivity formula:

231
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α I

S2S1

β

Fig. 24.1 The support of the normal cycle of the segment I can be decomposed into two half-
spheres S1 and S2 and one cylinder I ×S

1

• If p is reduced to a point of E
3, N(p) is the current whose support is the (oriented)

surface p×S
2.

• If I = [α,β ] is a segment of E
3, N(I) is the current whose support is the union of

three (oriented) surfaces: α × S1, β × S2, where S1 and S2 are two half-spheres
(of dimension 2 and radius 1), and the cylinder I ×S

1 (Fig. 24.1).

As above, the supports of normal cycles can be identified with surfaces of E
3 via

the exponential map.
Now, using the additivity formula (20.1), the normal cycle of any polygon in E

3

can be computed:

• Over a vertex v which is not on the boundary of the polygon, the support of the
normal cycle is composed of two (oriented) portions of spheres, delimited by the
two 2-planes orthogonal to the edges whose common vertex is v.

• Over a vertex which is on the boundary of the polygon, the support of the normal
cycle is an (oriented) half-sphere.

• Over (the interior of) an edge, the support of the normal cycle is an (oriented)
cylinder.

In Sect. 24.2.2, we evaluate the previous invariant forms on the normal cycles of
curves γ and polygons P. Note that

< N(γ),W0 >=< N(P),W0 >= 0,

which is compatible with the general theory.

24.2.2 The Length of Space Curves

We can recover the length of a smooth curve or a polygon by using the normal
cycles. Consider a smooth curve γ and a polygon P of E

3. A direct computation
shows that

< N(γ),W1 >= 2πl(γ),

< N(P),W1 >= 2πl(P).
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24.2.3 The Curvature of Space Curves

Consider a smooth (regular) curve γ and a polygon P of E
3. A direct computation

shows that:

• If γ is closed,
< N(γ),W2 >= 0.

If P is closed,
< N(P),W2 >= 0.

• If γ is not closed,
< N(γ),W2 >= 4π.

If P is not closed,
< N(P),W2 >= 4π.

Consequently, the curvature of γ or P cannot be recovered by a direct integration
over the normal cycle of γ and P.

Suppose that the curve γ is closed and bounds a smooth (oriented) domain D.
Then, a direct (and classical) computation gives

< N(D),W2 >= 2
∫

D
Gda+2

∫

γ
κg(s)ds = 4π, (24.3)

where G is the Gauss curvature of D and κg is the geodesic curvature1 of γ con-
sidered as a curve on D. The last equality of (24.3) comes from the Gauss–Bonnet
theorem (see (3.15) and Theorem 22) and the fact that the Euler characteristic of a
domain is 1.

Consider now a closed polygon P. Suppose that P bounds an (oriented) trian-
gulated domain D. Then, P has a canonical orientation, and a direct computation
shows that

< N(D),W2 > = 2 ∑
v∈ vertex of int(D)

(2π−αv)

+2 ∑
v∈ vertex of P

βv

= 4π,

(24.4)

where αv denotes the solid angle at the interior vertex v and βv denotes the external
angle of the (oriented) consecutive edges e1v ,e2v of P incident to the vertex v ∈ P.
The sign of βv is the sign of the determinant of the three vectors (e1v ,e2v ,ξ ), where
ξ is the oriented normal to the domain D (Fig. 24.2).

Again, the last equality comes from the fact that the Euler characteristic of a
domain is 1.

1 The geodesic curvature κg of the curve γ (parametrized by the arc length) defining the boundary
of the domain D is defined as follows: at each point γ(s), let n(s) be the tangent vector orthogonal
to γ ′(s) such that γ ′(s),n(s) > is a direct frame. Then, κg(s) =< γ ′′(s),n >s (see [40, 76] for
instance).
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D

βv

αv

v

v

e2v

e1v

P

Fig. 24.2 At an interior vertex v, αv is the solid angle of v. At a vertex v belonging to the boundary
P of the domain, βv is the external angle between the two incident edges belonging to P

Formulas (24.3) and (24.4) show that the curvature of a closed polygon can be
defined as the sum of the angles done by two consecutive edges, by analogy with the
smooth definition. Note, however, that we do not mimic the curvature of a smooth
curve in E

3, but the geodesic curvature of a smooth curve on a surface.
The reader will localize these formulas without difficulties.

24.3 Surfaces and Bounded Domains in E
3

We deal here with smooth surfaces or two-dimensional polyhedra with or with-
out boundaries, embedded in E

3. When they are closed, they can be considered as
boundaries of (bounded) domains. By a technique similar to that used for curves,
we study their normal cycles.

24.3.1 The Normal Cycle of a Bounded Domain

Let C be a domain of E
3 whose boundary is a closed surface:

• If the surface is smooth, then its normal cycle N(C) is nothing but the cycle whose
support is the unit normal bundle of C.

• We suppose now that the boundary of C is a (closed) two-dimensional (triangu-
lated) polyhedron T :

– Note that if C is a simplex, then it is convex and its normal cycle is the cycle of
E

3 ×S
2 defined by the (smooth oriented closed) surface of E

3 ×S
2 given by

{(m,ξ ) ∈ E
3 ×S

2 such that < −→mn,ξ >≤ 0,∀n ∈ C}.
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– In general, C is a union of simplices. Hence, its normal cycle can be obtained
by computing the normal cycle of each simplex and by using the additivity
formula (20.1). Consequently, N(C) can be decomposed as a sum of three
currents: N f (C) over the faces, Ne(C) over the edges, and Nv(C) over the
vertices of C:

1. Over a face f , the support of N f (C) is the set of points

{(m,ξ ) ∈ E
3 ×S

2,m ∈ f ,ξ unit vector normal to C at m.}

2. Over an edge e, the support of Ne(C) is the portion

e×C ∈ E
3 ×S

2

of a cylinder, where C is the arc of a circle of S
2 defined by the unit vectors

delimited by the normals of the two faces incident to e. If e is convex with
respect to C, then Ne(C) above e can be identified with the current defined
by integration over this portion of the cylinder, endowed with the canonical
orientation and with multiplicity +1.

3. Over a vertex v, the support of Nv(C) is a portion of the unit sphere v×S
2,

and Nv(C) above v can be identified with a linear combination of currents
defined by integration over portions of the unit sphere over v, endowed with
correct multiplicity. More precisely, the multiplicity of each point h of the
unit sphere over v is the index of v with respect to h, i.e., the integer

µ(v,h) = χ(St+(v,h)),

where χ(St+(v,h)) is the Euler characteristic of the union of relative interi-
ors of cells of C incident to v and lying in the half-plane {x :< −→vx,h >≥ 0}
(see [8] for a general study).

24.3.2 The Mass of the Normal Cycle of a Domain in E
3

Using Sect. 24.3.1, we can easily evaluate the mass of the normal cycle of C. To
apply Theorem 70, we localize our computations:

• If the boundary of C is a smooth surface S, then the mass M(N(C)) is the area of
its (two-dimensional) unit normal bundle. It is interesting to localize this result
as follows: let B be a Borel subset of S. Then, M(N(C)|B×E

3) is the area of the

restriction (to B×E
3) of the support of N(C).

• If the boundary of C is a triangulation T , then the mass M(N(C)) can be com-
puted by decomposing N(C). Let us localize the computation by considering
the interior B of a finite union of triangles of T , and evaluating the mass of
N(C)|B×E

3 . Using the previous decomposition of the normal cycle, we decom-
pose this mass into three terms:
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1. The mass over the faces: M(N f (C)|B×E
3) is the area A(B) of B.

2. The mass over the edges: M(Ne(C)|B×E
3) is the sum over all the edges e of

B of the products l(e)|∠(e)|, where l(e) denotes the length of the edge e and
|∠(e)| denotes the absolute value of the angle between the normals of two
incident faces to e lying in B.

3. The mass over the vertices: we begin with the evaluation of the mass
M(Nv(C)|B×E

3) of the normal cycle over a vertex v ∈ B. Decomposing

the sphere v× S
2 over v as a disjoint union of Borel subsets Uvi on which

the multiplicity µ(v,h) is constant when h varies, and denoting by µvi this
constant, we have

M(Nv(C)|v×E
3) =∑

i
|µvi |A(Uvi) (24.5)

and
M(Nv(C)|B×E

3) = ∑
v∈B

M(Nv(C)|v×E
3). (24.6)

Finally, with the previous notations,

M(N(C)|B×E
3) = A(B)+ ∑

e⊂B
l(e)|∠(e)|+∑

v∈B
∑

i
|µvi |A(Uvi). (24.7)

Globally, by taking B = T , we obtain

M(N(C)) = A(T )+∑
e

l(e)|∠(e)|+∑
v
∑

i
|µvi |A(Uvi). (24.8)

24.3.3 The Curvature Measures of a Domain

Let C be a compact domain of E
3 and let B be a (bounded) Borel subset of E

3. To
simplify, we assume that B⊂ ∂C. Let us evaluate the invariant forms W0,W1,W2 on
B×E3 in two different situations: when ∂C is smooth and when ∂C is a polyhedron:

• In both cases, the evaluation of M0 gives

MC
0 (B) =< N(C)|B×E

3 ,W0 >= A(B). (24.9)

• The evaluation of M1 gives:

– If the boundary of C is the smooth surface S,

MC
1 (B) =< N(C)|B×E

3 ,W1 >=
∫

B
Hda. (24.10)
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– If the boundary of C is the triangulation T ,

MC
1 (B) =< N(C)|B×E

3 ,W1 >= ∑
e edge ∈B

l(e)∠(e), (24.11)

where ∠(e) denotes the angle between the normals of the two triangles inci-
dent to e, endowed with the suitable sign.

• The evaluation of M2 gives:

– If the boundary of C is the smooth surface S,

MC
2 (B) =< N(C)|B×E

3 ,W2 >=
∫

B
Gda. (24.12)

– If the boundary of C is the triangulation T ,

MC
2 (B) =< N(C)|B×E

3 ,W2 >= ∑
v vertex ∈B

∑
i
αi(v), (24.13)

i.e., MC
2 (B) is the sum over all vertices p lying in B of the angle defect at v.

Globally, by taking B = S or T , one finds:

• If the boundary of C is the smooth surface S,

M0(C) =< N(C),W0 >= A(S),

M1(C) =< N(C),W1 >=
∫

S
Hda,

M2(C) =< N(C),W2 >=
∫

S
Gda = χ(S).

(24.14)

• If the boundary of C is the triangulation T ,

M0(C) =< N(C),W0 >= A(T ),

M1(C) =< N(C),W1 >= ∑
e edge ⊂T

l(e)∠(e), (24.15)

where ∠(e) denotes the angle between (the normals of) the two triangles incident
to e, endowed with the suitable sign resulting from the additivity formula (20.1):
the sign of ∠(e) is positive if e is convex and negative if it is concave.

M2(C) =< N(C),W2 >= ∑
v vertex ∈T

∑
i
αi(v) = χ(T ), (24.16)

i.e., M2(C) is the sum over all vertices v lying in T of the angle defect at v.
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24.4 Second Fundamental Measure for Surfaces

The expression of the vector-valued form h (defined in Chap. 22) can be much sim-
plified for surfaces in E

3 by using the vector product. We still use the notation of
Sect. 24.3.3. One has the following result (see [35] for detail).

Proposition 21. Let X and Y be two (constant) vectors of E
3 and let (p,ξ ) be a

point of E
3 ×E

3. Then
hX ,Y

(p,ξ ) = (ξ ×X)∧Y. (24.17)

In this proposition, × is the standard vector product in E
3. Moreover, the vectors

X and Y are identified with the 1-forms < X , . > and < Y, . >, where <,> denotes
the scalar product of E

3. As in the general case, the expression of the associated
measure for a smooth surface S bounding a domain C is

hX ,Y
S (B) =< N(C),χ

B×E
3 hX ,Y >

=
∫

B
hS(prT SX ,prT SY )dvS,

(24.18)

where B denotes a Borel subset of S and hS denotes the second fundamental form
of S.

The expression of this measure for a (triangulated) polyhedron T bounding a
domain K of E

3 is

hX ,Y
T (B) =< N(K),χ

B×E
3 hX ,Y >

= ∑
e edge of T

l(e∩B)
2

[(β (e)− sinβ (e)) < e+,X >< e+,Y >

+(β (e)+ sinβ (e)) < e−,X >< e−,Y >)],

(24.19)

where e+ (resp., e−) denotes the normalized sum (resp., difference) of the unit out-
ward normal vector to the triangles incident to e and, as usual, β (e) denotes the
angle between these normal vectors. The sign of this angle is important for explicit
computations: it is positive if the edge e is convex, and negative otherwise.

It must be remarked that hT (B)(X ,Y ) is symmetric in (X ,Y ). This implies that
hT (B) can be diagonalized. One gets generically three different eigendirections:
the one associated to the smallest eigenvalue can be called the estimated normal
vector field of B and the two others can be called its principal directions, by analogy
with the smooth case. By integrating these two directions, one gets curves on the
polyhedron which can be called lines of curvatures. We insist on the fact that this
last approach is generic: if the rank of hT (B) is 1, one cannot detect a particular
smallest eigendirection to define the normal vector field.

Remark When dealing with triangulations, it may be simpler to introduce a slightly
different vector-valued form which gives simpler results: let us consider the form
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hX ,Y
(p,ξ ) = X ∧ (ξ ×Y ). (24.20)

Then, its evaluation on the normal cycle of a smooth surface S gives

hS(B)(X ,Y ) =< N(S),χ
(B×E

3 hX ,Y
>

=
∫

B
hS( jprT SX , jprT MY )dvS

(24.21)

for every Borel subset of E
3, where hS denotes the second fundamental form of S

and j denotes the almost complex structure defined on each tangent plane of S. In
other words, at any point m of S, if the matrix of hS is

(
λ1 0
0 λ2

)

in a suitable frame, then the matrix of hS( j., j.) written in the same frame is
(
λ2 0
0 λ1

)
.

This is equivalent replacing hS by (Trace(h)Id−hM). Although this seems to be
a little more complicated in the smooth case, it is simpler for polyhedra: if T is a
(triangulated) polyhedron and B is a Borel subset of E

3, then

hT (B)(X ,Y ) = ∑
e edge of T

β (e)length(e∩B) < −→e ,X >< −→e ,Y > . (24.22)



Chapter 25
Approximation of the Curvature of Curves

We have seen in Chap. 2 that the curvature of a smooth curve is the limit of se-
quences of the curvature of polygons inscribed in it, and tending to it with respect to
the Hausdorff topology. We deal now with the problem of the approximation of the
curvature of a smooth curve by the curvature of curves or polygons (not necessarily
inscribed in it), close to it.

25.1 Curves in E
2

Let us begin with the case of a curve in the (oriented) Euclidean plane E
2. The

problem is quite simple: let
γ : [0, l] → E

2

s → γ(s)

be a regular curve (parametrized by the arc length). Let ε be a sufficiently small real
number. We have seen in Chap. 2 that the map

θ : [0,ε] → ]0,2π[
s → θ(s) (25.1)

(which associates to each s ∈ [0,ε] the angle θ(s) ∈ [0,2π[ made by the (unit) tan-
gent vector field t(s) with the Ox-axis in E

2) satisfies
∫ ε

0
κ(s)ds = θε −θ0,

where κ is the signed curvature of the curve γ . An approximation of this integral is
then equivalent to an approximation of these tangent vectors at the end points.

Globally, one can define the map

θ̃ : [0, l] → R

s → θ̃(s),
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Fig. 25.1 The global signed
curvature of a plane curve is
the (algebraic) angle (on S

1)
between the tangent vectors at
the end points. Consequently,
a good approximation of
t0 and t1 induces a good
approximation of the global
signed curvature

S1

t1

t0

t1

t0

S1
t0

t0

t1

t1

Fig. 25.2 The global signed curvature of this plane curve equals 6π+ π
2 , since the rotation number

equals 3. The approximation of the global signed curvature needs the knowledge of the rotation
number of the curve

which satisfies ∫ l

0
κ(s)ds = θ̃l − θ̃0,

where the angle θ̃ can be written as

θ̃(l) = 2πI +δ ,

I being the (algebraic) rotation number of the curve (see Sect. 2.4.3) plus a remain-
der δ . Consequently, one gets trivially an approximation of the global signed cur-
vature of a plane curve γ if one knows the integer I and if one can approximate the
tangent vectors at its end points (Figs. 25.1 and 25.2).

25.2 Curves in E
3

Let us now consider a regular curve

γ : [0, l] → E
3

s → γ(s),
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parametrized by the arc length, and let

t : [0, l] → S
2

be its (unit) tangent vector field (here, we identify t with the Gauss map of γ). By
definition, ∫ l

0
k(s)ds =

∫ l

0
|t ′(s)|ds.

In other words, the integral of the curvature k of γ is the length of the curve t ′ ∈
S

2 ⊂ E
3.

Suppose now that
c : [0, l̄] → E

3

is a curve “close” to γ . Let us consider two situations:

1. If c is smooth and regular, it can be parametrized by the arc length. Let t̄ be its
unit tangent vector field identified with the Gauss map

t̄ : [0, l̄] → S
2.

The integral of the curvature is the length of the curve t̄. Let us consider the
curves t and t̄ as curves in E

3. If t̄ is closely near t, the general Theorem 43 can
be written as

cosϖmax

1+ωt(t̄)

∫ l̄

0
k(c) ≤

∫ l

0
k(γ) ≤ cosϖmin

1−ωt(t̄)

∫ l̄

0
k(c), (25.2)

where ωt(t̄) is the relative curvature of the curve t̄ with respect to the curve t and
ϖmax (resp., ϖmin) denotes the maximal (resp., minimal) angular deviation of the
curves t̄ with respect to t (see Definition 34):

• Let us evaluate ωt(t̄). By definition,

ωt(t̄(u)) = |
−−−−−−−→
pr(t̄(u))t̄(u)|k(pr(t̄(u)))

at each point t̄(u),u ∈ [0, l̄] (where pr(t̄(u)) denotes the orthogonal projection
onto the curve t of the point t̄(u) and k is the curvature function of the curve
t). Moreover,

ωt(t̄) = sup
u∈[0,l̄]

ωt(t̄)(u).

Considering the curve t as a curve in E
3, let us evaluate its curvature k.

We have

k =
|t ′ ∧ t ′′|
|t ′|3 .

Since
t ′ = kn, t ′′ = k′n− kτb+ k2t
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(where t,n,b are the Frnet frame of γ and τ is the torsion of γ), we deduce that

k = (k4 + τ2)
1
2 k

1
3 . (25.3)

Then
ωt(t̄) = sup

u∈[0,l̄]
(k4 + τ2)

1
2 k

1
3
pr(t̄(u))|

−−−−−−−→
pr(t̄(u))t̄(u)|. (25.4)

• Let us evaluate the angular deviation function ϖ . At each point t̄(u), ϖu de-
notes the angle ∠(t ′pr(t̄(u)), t̄

′
t(u)), i.e., the angle between the two principal nor-

mals ns and n′(u), if s is the point of [0, l] such that pr(t̄(u)) = t(s).

2. Suppose now that γ is approximated by a polygonal line P = v1v2...vn. Let
e1, ...,en−1 be its (oriented) edges. As we have seen in Definition 5, the image
of an edge e of P by its Gauss map G is the unit vector of S

2 parallel to e (with
the same orientation). If ei and ei+1 are two consecutive edges on P, then the
length of the arc of the great circle on S

2 joining G(ei) and G(ei+1) is the an-
gle ∠(ei,ei+1). Consequently, the union of these arcs is a (continuous) curve C
whose length is nothing but the sum of the angles between consecutive edges of
P. By Definition 2, the curvature of P is the real number

K(P) =
n−1

∑
i=1

∠(ei,ei+1). (25.5)

Hence,
K(P) = l(C). (25.6)

Suppose that C is closely near t. Comparing l(C) and l(t) and still using (14.2),
we get

cosϖmax

1+ωt(C)
K(P) ≤

∫ l

0
k(γ) ≤ cosϖmin

1−ωt(C)
K(P), (25.7)

where ωt(C) is the relative curvature of the curve t̄ with respect to the curve t
and ϖmax (resp., ϖmin) denotes the maximum (resp., minimum) of the angular
deviation function of the curves C with respect to t.

The effective evaluation of ωt(C), ϖmax, and ϖmin is similar to the one studied
in the first item, concerning the regular case.

Appendix: Comparing the Principal Normal Vectors

We summarize now approximation results which are often used in different prob-
lems concerning curves.
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Fig. 25.3 βpq is the angle
between the tangent vectors at
p and q of the curve γ . In this
picture, the curve is planar

γ

βpq

p q

Comparing the Tangent Vectors of a Smooth Curve

Consider a smooth regular curve γ in E
N . Proposition 22 bounds the angle between

the tangent vectors of two points of γ . It is a direct application of the mean value
theorem.

Proposition 22. Let γ be a smooth regular oriented curve in E
N, with end points

p and q. Then, the angle βpq ∈ [0, π2 ] between the tangent vectors at p and q of γ
satisfies

sin
βpq

2
≤ kγmax l(γ)

2
, (25.8)

where kγmax is the maximal curvature of γ and l(γ) is the length of γ (Fig. 25.3).

Denoting by t the unit tangent vector field of γ ,

|t(q)− t(p)| ≤ l(γ) sup
s∈[0,l]

| dt
ds

|.

Since | dt
ds | = k, one deduces Proposition 22.

Comparing the Principal Normal Vectors of a Smooth Curve

Analogous bounds can be found if one compares the principal normal vectors at
different points of a smooth curve. As in the previous section, it is a consequence
of the mean value theorem. Consider a smooth regular curve γ in E

N with (unit)
tangent vector field t. One can construct a generalized Frénet frame (see the Frénet
equations (2.14) for curves in E

3). The first vector fields of this frame satisfy

dt
ds

= kn,

dn
ds

= −kt + k̂n̂,

(25.9)

where t,n, n̂ are orthonormal vector fields. The function k̂ is called the second cur-
vature and n̂ is called the second principal normal vector field of γ .
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Fig. 25.4 βpq is the angle
between the principal normal
vectors at p and q of the
curve γ . Here, the curve is
planar

βpq nqnp

γ

q
p

Theorem 75. Let γ be a smooth regular oriented curve in E
N, with end points p

and q. The angle βpq ∈ [0, π2 ] between the principal normals at p and q satisfies

sin(βpq) ≤ (
√

k2
max + k̂2

max)l(γ), (25.10)

where kmax is the maximal curvature of γ , k̂max is the maximal second curvature of γ ,
and l(γ) is the length of γ (Fig. 25.4).

The proof is a direct consequence of the mean value theorem:

|n(b)−n(a)| ≤ l(γ) sup
s∈[0,l]

|dn
ds

|.

Using (25.9), one deduces (25.10).
If N = 2, k̂ is null. If N = 3, k̂ is the torsion τ of γ and n̂ is the binormal vector

field. Consequently, with the usual notation, we obtain the following result.

Corollary 17. Let γ be a smooth regular oriented curve in E
N, with end points p

and q:

1. If N = 2,
sin(βpq) ≤ kmaxl(γ). (25.11)

2. If N = 3,

sin(βpq) ≤ (
√

k2
max + τ2

max)l(γ). (25.12)

A Bound Involving the Deviation Angle

We now deal with a curve approximated by its chord.

Theorem 76. Let γ be a smooth regular oriented curve in E
N, with end points p

and q. The deviation angle αmax of the chord pq with respect to γ satisfies
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β

p q

m
γ

θ

α
α

Fig. 25.5 The three angles α , β , and θ

sin
αmax

2
≤ 3

4
kγmax l(γ) ≤ 3

4
kγmax |−→pq|

1−ωγ(pq)
. (25.13)

Proof of Theorem 76 With the same notation, at each point m of γ , we have

2sin
αm

2
= |tm −

−→pq
|−→pq| |

≤ |tm − tp|+ |tp −
−→pq
|−→pq| |

= 2sin
βmp

2
+2sin

θp

2

≤ 2sin
βmp

2
+2sinθp.

(25.14)

Now, since the problem is symmetric in p and q, we can assume that the length
of the curve between p and m is less than or equal to half the length of the curve γ .
We deduce from (25.8) that

sin
βmp

2
≤ kγmax l(γ)

4
.

On the other hand, (14.4) implies that

sinθp ≤
kγmax l(γ)

2
.

Since (25.14) is true for every point m ∈ γ , we deduce the left inequality of
Theorem 76. The right one is deduced from (14.3) (Fig. 25.5). �



Chapter 26
Approximation of the Curvatures of Surfaces

This chapter applies our general approximation Theorem 71 for surfaces in E
3.

In Sect. 26.1, we deal with a surface S approximated by another one, closely near it.
In Sect. 26.2, we assume that the approximating surface is a triangulation. Finally, in
Sect. 26.2.3, we assume that the triangulation is inscribed in S. We get sharper and
sharper approximation and convergence results [34], [35].

26.1 The General Approximation Result

In Chaps. 21 and 22, we gave a general approximation result for the curvature
measures and the second fundamental measure of a (smooth) hypersurface of E

N

approximated by a geometric subset. This result depends inter alia on a good evalua-
tion of the mass of the corresponding normal cycles. Using the notation of Chaps. 21
and 22 and simply putting N = 3 in the general Theorems 71 and 74, we get the cor-
responding result for surfaces in E

3.
As usual, let us assume that W is a weakly regular geometric subset of E

3, which
bounds the geometric subset K of E

3 in the sense of Definition 48. Moreover, as-
sume that W is closely near a smooth (closed) surface S which bounds a compact
domain K, as defined in Definition 33.

Since N = 3, the general theory allows us to define three curvature measures
(M0, M1, and M2) and the second fundamental measure h:

• The curvature measure M0 is nothing but the area A.
• The curvature measure M1 is the mean curvature measure.
• The curvature measure M2 is the Gauss curvature measure.

To be more intuitive, we put

MH = M1, MG = M2.

249
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The explicit expressions for MH and MG are given in Chap. 21. We already gave in
Chap. 15 an approximation of the area of a surface. Let us focus our attention now to
the approximation of the curvature measure MH ,MG and the second fundamental
measure h.

Theorem 77.

|MK
H (B)−MK

H(B)| ≤

(δB +αB)[
2(1+ |hprW (B)|)
1−δB|hprW (B)|

]2(M(N(K)
|TBE

3 )+M(∂N(K
|TBE

3 )));

|MK
G (B)−MK

G(B)| ≤

(δB +αB)[
2(1+ |hprW (B)|)
1−δB|hprW (B)|

]2(M(N(K)
|TBE

3 )+M(∂N(K
|TBE

3 )));

|hK(B)−hK(B)| ≤

(δB +αB)[
2(1+ |hprW (B)|)
1−δB|hprW (B)|

]2(M(N(K)|TBE
3)+M(∂N(K|TBE

3))).

26.2 Approximation by a Triangulation

Theorem 77 is interesting if one can bound the involved normal cycles. If the
approximating surface is a (closed oriented) triangulation T bounding a domain
C in E

3, this is quite easy. It is the goal of Sect. 26.2.1.

26.2.1 A Bound on the Mass of the Normal Cycle

The following (local) theorem shows that one can bound this mass by using the
natural invariants involved in the geometry of the triangulation, together with the
angular deviation. We need some notations. As before, B denotes the interior of a
union of triangles of T . Moreover:

• αB denotes as usual the angular deviation between B and pr(B).
• lB denotes the sum of the lengths of the edges of T lying in B.
• ne denotes the maximum number of edges having a common vertex in B.
• nv denotes the number of vertices of T lying in B.
• l∂B denotes the length of ∂B.
• nv∂ denotes the number of vertices of ∂B.

In addition, we use the notation Ne,Nv defined in Sect. 24.3.3.
The following theorem gives a bound on the mass of the normal cycle of a trian-

gulation.
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Theorem 78. The mass of the normal cycle of C is bounded as follows:

1. M(Ne(C)|B×E
3) ≤ 2αBlB.

2. M(Nv(C)|B×E
3) ≤ 4π sin2 αB

2 lBnvne.

3. M(N(C)|B×E
3) ≤A(B)+2αBlB +4π sin2 αB

2 lBnvne.

4. M(∂ (N(C)|B×E
3)) ≤ l∂B +2αBnv∂ .

Proof of Theorem 78

1. Over an edge e, the support of the normal cycle is reduced to a portion of cylinder,
which can be identified with the product of e by an arc of circle c of the 2-sphere
S

2. The angle spanned by any point of c with the normal ξ of the surface at any
vertex of e is smaller than αB. The result follows by summing over all the edges
of B.

2. Over a vertex v, the support of the normal cycle lies in v×S
2. We bound its mass

as follows: consider two adjacent faces belonging to the 1-ring of v. The normals
of these two faces span with ξv a geodesic triangle in S

2 whose area is smaller
than 4π sin2 αB

2 . Moreover, the mass of the normal cycle over v is smaller than
the sum of the areas of these geodesic triangles. Since the 1-ring of v contains a
number of edges less than or equal to ne, the mass of the normal cycle over v is
smaller than neα2

B. Now, since B contains nv vertices,

M(Nv(C)|B×E
3) ≤ 4π sin2 αB

2
lBnvne.

3. Since the normal cycle over a face can be identified with the face itself, one gets
part (3) by summing the terms over the faces, the edges, and the vertices.

4. The boundary of N(C)|B×E
3 is composed of edges corresponding to the edges of

∂B, and arcs of circles above the vertices belonging to ∂B. We deduce part (4).
�

26.2.2 Approximation of the Curvatures

We can now approximate the curvature measures of S with the curvature measures
of T , as an immediate consequence of Theorem 67.

Theorem 79. Let K be a compact subset of E
3 whose boundary is a smooth (closed

oriented embedded) hypersurface S. Let C be a compact subset of E
3 whose bound-

ary is a triangulation T closely near S. Let B be the interior of a union of triangles
of T . Then,

|MC
H(B)−MK

H(pr(B))| ≤

2max(δB,αB)(
supB(1, |hB|)

1−δB|hB|
)2(A(B)+2αB(lB +nvδ )+4π sin2 αB

2
ne + l∂B);
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|MC
G(B)−MK

G(pr(B))| ≤

max(δB,αB)(
supB(1, |hB|)

1−δB|hB|
)2(A(B)+2αB(lB +nvδ )+4π sin2 αB

2
ne + l∂B);

|hC(B)−hK(pr(B))| ≤

max(δB,αB)(
supB(1, |hB|)

1−δB|hB|
)2(A(B)+2αB(lB +nvδ )+4π sin2 αB

2
ne + l∂B).

26.2.3 Triangulations Closely Inscribed in a Surface

Let us now make a stronger assumption: the triangulation is closely inscribed in the
surface S. We have seen in Chap. 15 that, under this assumption, one can control the
angular deviation in terms of the shape of the triangles of T . Let us give a simpler
version of Theorem 79, introducing the circumradius r(t) of each triangle t of the
triangulation.

Theorem 80. Under the assumption of Theorem 79:

• |MC
H(B)−MK

H(pr(B))| ≤CSKε ,
• |MC

G(B)−MK
G(pr(B))| ≤CSKε ,

• |hC(B)−K(pr(B))| ≤CSKε ,

where:

• CS is a real number depending only on the maximum curvature of S.
• K = ∑t∈T,t⊂B r(t)2 +∑t∈T,t⊂B,t∩∂B 
= /0 r(t).
• ε = max{r(t), t ∈ T, t ⊂ B}.

We will see in Chap. 27 that, in several cases, the number K can be bounded
from above, implying that the curvature measures of a sequence of increasingly fine
triangulations of a smooth surface converge to those of the smooth surface.

Remark These theorems can be interpreted as follows: suppose that one deals with
a triangulated mesh T . This mesh can be considered as the approximation of an
infinity of smooth surfaces S. Although it is in general impossible to evaluate the
geometry of S without other assumptions, Theorems 79 and 80 claim that every
smooth surface S, in which T is closely inscribed and

• whose normal vector field is close to the normal of the faces,
• whose second fundamental form is “not too big,”

has a local geometry close to that of T . Moreover, the error between the mutual
curvatures is bounded by an explicit constant depending on the intrinsic geometry
of T and on the two previous assumptions.



Chapter 27
On Restricted Delaunay Triangulations

We deal here with particular approximations of smooth curves or surfaces in E
N

(N = 2 or N = 3): those which arise from Voronoi diagrams and Delaunay trian-
gulations of E

N . Although everything can be done in any dimension, we restrict
ourself to E

2 and E
3 for simplicity. We refer to [16, 18, 19, 38] for a large and deep

study of Voronoi diagrams, Delaunay triangulations, and more generally for surface
reconstruction.

27.1 Delaunay Triangulation

27.1.1 Main Definitions

A sample S denotes simply a subset of points of E
N (which can be finite or infinite).

In this section, we assume that the points of S are finite and in general position, i.e.:

• If N = 2, no subset of four points of S lies on a same circle of E
2.

• If N = 3, no subset of five points of S lies on a same sphere of E
3.

We defined the notion of triangulation in Chap. 6. We improve it a little by defining
a triangulation associated to a finite set of points.

Definition 55. Let S be a finite set of points of E
N . A triangulation of S is a sim-

plicial cell complex embedded in E
N whose set of vertices is S, and such that the

union of its cells is the convex hull conv(S) of S.

Using Sect. 4.1, we can define the Voronoi diagram Vor(S) associated to any
sample S of E

N , as a cell decomposition of E
N into convex tetrahedra (or triangles

if N = 2). The Delaunay triangulation associated to the Voronoi diagram of S is a
particular triangulation of S, dual to Vor(S).

Recall the classical definition of duality between cell complexes: two cell com-
plexes V and D are dual if there exists an involutive correspondence between the

253
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faces of V and the faces of D that reverses the inclusions, i.e., for any two faces f
and g of V , their dual faces f ∗ and g∗ of D satisfy

f ⊂ g =⇒ g∗ ⊂ f ∗.

Suppose for instance that N = 3. If f is a face (of any dimension k(0 ≤ k ≤ 3))
of the Voronoi diagram of a sample S, all points of the interior of f have the same
closest points in S. Let S f ⊂ S denote the subset of those closest points. The face
dual to f is the convex hull of S f . Its dimension is 3− k.

Definition 56. The Delaunay triangulation Del(S) of S is the simplicial complex
consisting of all the faces dual to Vor(S).

If we restrict our attention to E
3, we can simply claim that the Delaunay trian-

gulation associated to S is the simplicial complex whose vertices are the points of
S and which decomposes the convex hull of S as follows: the convex hull of four
points of S defines a three-dimensional cell if the intersections of the corresponding
Voronoi cells are nonempty.

As before, one defines the Delaunay tetrahedra, Delaunay faces (or triangles),
and Delaunay edges. The Delaunay vertices are nothing but the points of S.

If S is in general position, then Del(S) is a triangulation of S in the sense of
Definition 55.

The reader may adapt these considerations if the sample S lies in E
2.

27.1.2 The Empty Ball Property

We still assume that S lies in E
3. As an obvious consequence of the definition, the

(relative) interior of a Voronoi k-face f is the set of points having exactly 3− k + 1
nearest points of the sample S. Consequently, there exists a ball empty of points of
S, whose boundary is a sphere containing the vertices of the simplex f ∗ dual to f .
One says that the simplex f ∗ has the empty ball property. Any Delaunay tetrahedron
corresponds a unique empty ball. However, there is a continuous family of empty
balls corresponding to a Delaunay face (triangle) or Delaunay edge. The following
proposition characterizes the Delaunay triangulations in terms of the empty ball
property.

Proposition 23. A triangulation T of a finite set of points S is a Delaunay triangu-
lation of S if any 3-simplex of T has a circumscribing 2-sphere that does not enclose
any point of S. Any 3-simplex with vertices in S which can be circumscribed by a
2-sphere that does not enclose any point of S is a face of a Delaunay triangulation
of S.

As before, the reader may adapt these considerations if the sample S lies in E
2.
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27.1.3 Delaunay Triangulation Restricted to a Subset

Let S be a (finite) sample of E
3 and let X be any subset of E

3.

Definition 57.

1. If f is any k-face of Vor(S), f ∩X is called the restriction of f to X .
2. The subcomplex Vor|X (S) of all nonempty restrictions of faces of Vor(S) to X is

called the restriction of Vor(S) to X .
3. The restriction to X of the Delaunay triangulation Del(S) is the subcomplex

DelX (S) of Del(S), which is the union of the k-faces of Del(S) (0 ≤ k ≤ 2)
whose dual Voronoi (3− k)-faces intersect X .

The main problem is to know if this new triangulation DelX (S) is a “good ap-
proximation” of X (in a sense to be specified). This is the objective of Sect. 27.2.
It will essentially depend on the position of S with respect to X . Let us restrict our
attention to the case of surfaces (Figs. 27.1 and 27.2).

Fig. 27.1 Delaunay triangu-
lation of a point set sampling
a smooth curve. Edges of the
restricted triangulation are
shown as solid blue lines,
other Delaunay edges of the
Voronoi complex are shown
as red lines. This image is
courtesy of Steve Oudot,
I.N.R.I.A. Geometrica

Fig. 27.2 Restriction (in blue)
of a Delaunay triangulation
to a smooth algebraic surface
(in green). Voronoi edges are
shown in red. This image
is courtesy of Steve Oudot,
I.N.R.I.A. Geometrica
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27.2 Approximation Using a Delaunay Triangulation

As we have seen in Chap. 26, the approximation of the geometric invariants of a
surface by another close surface is “good” if the corresponding normals are “close.”
If a smooth surface S is approximated by a Delaunay triangulation restricted to it, as
constructed in the previous sections, we must ensure that the normals of the faces of
the triangles are close to the normals of the surface S (at the corresponding points).

27.2.1 The Notion of ε-Sample

In a series of papers, Amenta et al. [5, 7] gave sufficient conditions for a sample of
points on a surface to be interesting, in terms of the local feature size lfs defined in
Chap. 4. Let us summarize them.

Definition 58. Let ε be a real number such that 0 < ε < 1. A set of points S on X
is an ε-sample of X if and only if, for every point m of X , the ball B(m,εlfs(m))
encloses at least one point of S.1

An ε-sample of X will generally be denoted by Sε .

27.2.2 A Bound on the Hausdorff Distance

27.2.2.1 The Case of a Smooth Curve of E
N

Let c be a smooth (connected) curve of E
N and let S be a sample of c. We say

that S is in natural position with respect to c if it satisfies the following (natural)
conditions:

• S contains at least three points and two of them are the end points of c.
• No vertex for Vor (S) lies on S.

If an ε-sample Sε of a curve c is in natural position, then Delc(Sε) tends to 0
with ε . More precisely, we have the following result.

Theorem 81. Let c be a smooth (connected) curve of E
N and let Sε be an ε-sample

of c in natural position. Then, Delc(Sε) is a polygonal curve homeomorphic to c,
and the Hausdorff distance between c and Delc(Sε) satisfies

d(Delc(Sε),c) ≤ 2ε sup
m∈c

lfs(m).

The proof of this theorem, its improvements, and related results can be found
in [6, 16, 39].

1 The reader must be careful: some authors replace B(m,εlfs(m)) by B(m,ε) in Definition 58,
which implies confusion in many theorems. We will only use Definition 58 in this chapter.
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27.2.2.2 The Case of a Smooth Surface

The previous result can be extended to surfaces in E
3. Boissonnat and Oudot [17]

proved the following theorem.

Theorem 82. Let S be a smooth surface in E
3 and Sε be an ε-sample of S. Then, if

ε < 0.18:

1. DelS(Sε) is closely inscribed in S (and consequently, S and Sε are homeomor-
phic).

2. Moreover, the Hausdorff distance between DelS(Sε) and S satisfies2

d(DelS(Sε),S) ≤ 4.5ε2 sup
m∈S

lfs(m).

27.2.3 Convergence of the Normals

The following result shows that if ε is smooth enough, then the restricted Delaunay
triangulation associated to the sample S is “in good position.”

27.2.3.1 The Case of a Smooth Curve

For curves, the following classical result (see for instance [38, Lemma 2.4, p. 29])
shows that the angular deviation between a smooth curve c and Delc(Sε) tends to 0
with ε .

Theorem 83. Let c be a smooth (connected) curve of E
2 and let Sε be an ε-sample

of c in natural position. Then:

1. The angular deviation αmax of Delc(Sε) with respect to c satisfies

sinαmax ≤
ε

1− ε
.

2. In particular,
αmax = O(ε).

27.2.3.2 The Case of a Smooth Surface

Theorem 83 can be extended to surfaces [5, 38].

2 There is a slight difference between Theorem 82 and Theorem 4.5 of [17], in which ε must be
smaller than 0.091. This is due to the fact that the authors introduce and deal with the concept of
loose ε-sample, weaker than the usual one.
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Theorem 84. Let Sε be an ε-sample on S. Then, the angular deviation αmax of
DelS(Sε) with respect to S satisfies

αmax = O(ε).

27.2.4 Convergence of Length and Area

By definition, the length of a smooth curve is the supremum of the lengths of the
polygonal lines closely inscribed in it. We have seen many times that this result has
no immediate generalization to surfaces (see the Lantern of Schwarz in Chap. 3).
However, if we restrict our attention to ε-samples, we have easy convergence theo-
rems: as an immediate consequence of Theorem 84, we get the following result.

Theorem 85. Let S be a closed surface of E
3. Let DelS(Sε) be the restricted Delau-

nay triangulation of an ε-sample Sε with respect to S. Then

lim
ε→0

A(DelS(Sε)) = A(S).

27.2.5 Convergence of Curvatures

Unfortunately, we cannot get further results on the convergence of the curvature
measures of DelS(Sε) to those of S without additional assumptions. In fact, to apply
Theorem 66 for instance, we need to bound the mass of the normal cycle DelS(Sε).
In general, this mass is not bounded when ε tends to 0 (see [35] for a counterexam-
ple). That is why we need a stronger assumption on the sample. As an example, one
can use sequences of κ-light samples.

Definition 59. An ε-sample Sε on a surface S is κ-light if, for every point m ∈ S,
the ball B(m,εlfs(m)) encloses at most κ-points of S (Fig. 27.3).

Fig. 27.3 An ε-sample S of
a closed curve in E

2, where
ε = 1

2 : for each point m of the
curve, the circle of center m
and radius 1

2 lfs(m) contains at
least one point of S

m’

m
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Corollary 18. Let DelS(Sε) be the restricted Delaunay triangulation of a κ-light
ε-sample of a smooth surface S, where κ is a positive real number. Let B̃ be a Borel
subset of E

N and let Bε = B̃∩DelS(Sε). Then

|MDelS(Sε )
G (Bε)−MS

G(prS(Bε))| = O(ε),

|MDelS(Sε )
H (Bε)−MS

H(prS(Bε))| = O(ε),

|h̃DelS(Sε )(Bε)− h̃S(prS(Bε))| = O(ε).

(27.1)

We leave the precise proof to the reader.
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59. A. Lichnérowicz, Calcul tensoriel, Collection Armand Colin, Paris
60. J.W. Milnor, On the total curvature of knots, Ann. Math. 52 (1950) 248–257
61. J.W. Milnor, Morse Theory, Princeton University Press, Princeton, NJ, 1963
62. J.W. Milnor, J.D. Stasheff, Characteristic Classes, Princeton University Press, Princeton, NJ,

1974
63. F. Morgan, Geometric Measure Theory, Academic, New York, 1987
64. M. Morse, The Calculus of Variations in the Large, vol. 18, American Mathematical Society

Colloquium, New York, 1934
65. J.M. Morvan, B. Thibert, On the approximation of a smooth surface with a triangulated mesh,

Comput. Geom. Theory Appl. 23(3) (2002) 337–352
66. J.M. Morvan, B. Thibert, Approximation of the normal vector field and the area of a smooth

surface, Discrete Comput. Geom. 32(3) (2004) 383–400
67. P. Petersen, Riemannian Geometry, Graduate Texts in Mathematics, Springer, Berlin

Heidelberg New York, 1998
68. J. Rataj, M. Zähle, Curvatures and currents for unions of sets with positive reach II, Ann.

Glob. Anal. Geom. 20 (2001) 1–21
69. J. Rataj, M. Zähle, Normal cycles of Lipschitz manifolds by approximation with parallel sets,

Diff. Geom. Appl. 19 (2003) 113–126
70. J. Rataj, M. Zähle, General normal cycles and Lipschitz manifolds of bounded curvature, Ann.

Glob. Anal. Geom. 27 (2005) 135–156
71. R.T. Rockafellar, Convex Analysis, Princeton University Press, Princeton, NJ, 1970
72. R.T. Rockafellar, Maximal monotone relations and the second derivatives of nonsmooth func-
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